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Abstrat
Bundle gerbes with onnetion and their modules play an important
role in the theory of two-dimensional sigma models with a bakground
Wess-Zumino ux: their holonomy determines the ontribution of the ux
to the Feynman amplitudes of lassial elds. We disuss additional stru-
tures on bundle gerbes and gerbe modules needed in similar onstrutions
for orientifold sigma models desribing losed and open strings.
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1 Introdution
Bundle gerbes [18℄ are geometri strutures related to sheaves of line bun-
dles, see [25, 19℄ for reent historial essays. They appear naturally in the
mathematial ontext of lifting prinipal G-bundles to Gˆ-bundles for entral
extensions Gˆ of a Lie group G by a irle. In the physial ontext, they arise
in studies of quantum eld theory anomalies [6℄ or, together with bundle
gerbe modules, in a onstrution of groups of string theory harges [2℄. The
present paper has been mainly motivated by the role that bundle gerbes
equipped with hermitian onnetions play in the theory of two-dimensional
sigma models with a Wess-Zumino (WZ) term [28, 20℄ in the ation fun-
tional. Classially, the elds of suh a sigma model are maps φ from a
two-dimensional surfae Σ, alled the worldsheet, to the target manifold M
equipped with a metri and a losed 3-form H. The WZ term desribes the
bakground H-ux. Loally, it is given by integrals of the pullbaks φ∗B of
loal Kalb-Ramond 2-forms B on M suh that dB = H. The ambiguities in
dening suh a funtional SWZ(φ) globally in topologially non-trivial situ-
ations were originally studied with ohomology tehniques in [1℄ and [9℄ for
losed worldsheets, and in [15℄ for worldsheets with boundary. They may be
sorted out systematially using bundle gerbes with onnetion over the mani-
foldM and, in the ase with boundary, bundle gerbe modules, see [11, 5, 10℄.
In partiular, a hoie of a bundle gerbe G with onnetion, whose urvature
3-form is H, determines unambiguously the Feynman amplitudes eiSWZ(φ) on
losed oriented worldsheets Σ. In the beginning of Setion 2 of this artile,
we reall the denition [18℄ of bundle gerbes with onnetion and review
their 1-morphisms and the 2-morphisms between 1-morphisms, all together
forming a 2-ategory [24, 26℄.
The WZ term in the ation funtional plays an essential role in Wess-
Zumino-Witten (WZW) sigma models [27℄, assuring their onformal sym-
metry on the quantum level and rendering them soluble. The target spae of
a WZW sigma model is a ompat Lie group G equipped with a bundle gerbe
whose urvature is a bi-invariant losed 3-form H. Bundle gerbes and their
modules are speially useful in treating the ase [7℄ of WZW models with
non-simply onneted target groups G′ that are quotients of their overing
groups G by a nite subgroup Γ0 of the enter Z(G) of G [12℄. A gerbe
G′ over G′ = G/Γ0 may be thought of as a gerbe G over G equipped with
a Γ0-equivariant struture that piks up in a onsistent way isomorphisms
between the pullbak gerbes γ∗G and G for eah element γ ∈ Γ0. The notion
of equivariant strutures on gerbes extends to the ase of gerbes over gen-
eral manifolds M on whih a nite group Γ0 ats preserving the urvature
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3-form H, possibly with xed points. A gerbe over M with suh an equi-
variant struture may be thought of as a gerbe over the orbifold M/Γ0 and
it may be used to dene the WZ ation funtional for sigma models with the
orbifold target. Gerbes with equivariant strutures with respet to ations
of ontinuous groups will be disussed elsewhere, see also [16℄. They nd
appliation in gauged sigma models with WZ term.
Motivated by the theory of unoriented strings [22, 21℄, one would like to
dene the WZ ation funtional for unoriented (in partiular unorientable)
worldsheets Σ. More exatly, one onsiders so-alled orientifold sigma mod-
els. Their lassial elds φˆ map the oriented double Σˆ, whih is equipped
with an orientation-hanging involution σ suh that Σ = Σˆ/σ, to the target
M equipped with an involution k so that φˆ ◦ σ = k ◦ φˆ. Assuming that
k∗H = −H, one may dene the WZ ation funtional for suh elds using a
gerbe G over M with urvature H additionally equipped with a Jandl stru-
ture [23℄. Suh a struture on G may be onsidered as a twisted version of
a Z2-equivariant struture for the Z2 ation on M dened by k. It piks up
in a onsistent way an isomorphism between k∗G and the dual gerbe G∗.
One may onsider more general orientifold sigma models with the WZ
term, orresponding to an ation on M of a nite group Γ with elements
γ suh that γ∗H = ǫ(γ)H for a homomorphism ǫ from Γ to {±1} ≡ Z2.
The notions of Γ0-equivariant and Jandl strutures on a gerbe G may be
merged into the one of a (Γ, ǫ)-equivariant struture, whih we shall also
all a twisted-equivariant struture. Suh a struture onsistently piks up
isomorphisms between γ∗G and either G or G∗, aording to the sign of ǫ(γ).
The twisted-equivariant strutures on gerbes are introdued in Setion 1 and
are the main topi of the present artile. A speial ase of suh strutures
ours when the normal subgroup Γ0 = ker ǫ of Γ ats on M without xed
points. If ǫ ≡ 1 so that Γ0 = Γ, we are bak to the orrespondene between
gerbes over M with Γ0-equivariant struture and gerbes over M
′ = M/Γ0.
If ǫ is non-trivial, so that Γ/Γ0 = Z2, then the ation of Γ on M indues a
Z2-ation on M
′
, with the non-trivial element of Z2 ating as an involution
k′ inverting the sign of the projeted 3-form H ′. In this situation, gerbes over
M with urvature H and (Γ, ǫ)-equivariant struture orrespond to gerbes
over M ′ with urvature H ′ and a Jandl struture. This desent theory for
bundle gerbes is disussed in Setion 2.
The present artile provides a geometri theory extending and omplet-
ing the disussion of our previous paper [14℄ that was devoted to the study
of gerbes with twisted-equivariant strutures over simple simply onneted
ompat Lie groups. Suh gerbes are needed for appliations to the orien-
tifolds of WZW models. In [14℄, we used a loal desription of gerbes and
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ohomologial tools. Setion 3 of the present paper establishes the relation
between the geometri and ohomologial languages.
For oriented worldsheets Σ with boundary, the lassial elds φ : Σ // M
are often onstrained to take values in speial submanifolds D of M on the
boundary omponents of Σ. Suh submanifolds are alled (D-)branes in
string theory. The extension of the denition of the WZ ation to this ase
requires a hoie of a bundle gerbe G with urvature H and of gerbe modules
over the submanifolds D. Gerbe modules may be viewed as vetor bundles
with onnetion twisted by the gerbe. In the ontext of the 2-ategory of
bundle gerbes, they an also be viewed as partiular 1-morphisms [26℄. In
Setion 4, we adapt this notion to the ase of gerbes with (Γ, ǫ)-equivariant
strutures needed for appliations to orientifold sigma models on worldsheets
with boundary. We also disuss a presentation of suh gerbe modules in
terms of loal data and develop their desent theory.
The Feynman amplitudes eiSWZ(φ) of elds φ dened on losed world-
sheets are given by the holonomy of gerbes [11℄. In the ase of unoriented
worldsheets, the gerbes have to be equipped additionally with a Jandl stru-
ture [23℄. For oriented worldsheets with boundary, the holonomy giving the
Feynman amplitudes reeives also ontributions from the gerbe modules over
the brane worldvolumes that provide the boundary onditions of the theory
[11, 5, 10℄. In this artile, we introdue a generalization of both notions
for unoriented worldsheets with boundary using gerbe modules for gerbes
with Jandl struture. This is disussed in both the geometri and the loal
language in Setion 5.
In Conlusions, we summarize the ontents of the present paper and sketh
the diretions for further work that inludes extending the disussion [14℄ of
the orientifold WZWmodels on losed worldsheets to the ones on worldsheets
with boundary.
Aknowledgements. K.G. and R.R.S. aknowledge the support of
Agene National de Reherhe under the ontrat ANR-05-BLAN-0029-03.
K.W. aknowledges the support of the Collaborative Researh Centre 676
Partiles, Strings and the Early Universe and thanks ENS-Lyon for kind
hospitality.
2 Twisted-Equivariant Bundle Gerbes
We review bundle gerbes and their algebrai struture in Setion 2.1 and
dene twisted-equivariant strutures on them in Setion 2.2. Twisted-
equivariant strutures inlude two extremal versions: the untwisted one,
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whih is just an ordinary equivariant struture, and the twisted Z2-
equivariant one, whih oinides, as we disuss in Setion 2.3, with a Jandl
struture.
2.1 The 2-Category of Bundle Gerbes
In the whole artile, we work with the following onventions:
• Vetor bundles are hermitian vetor bundles with unitary onnetion,
and isomorphisms of vetor bundles respet the hermitian struture
and the onnetions. These onventions in partiular apply to line
bundles.
• If π : Y // M is a surjetive submersion between smooth manifolds,
we denote by
Y [k] := Y ×M ...×M Y
the k-fold bre produt of Y with itself (omposed of the elements in
the Cartesian produt whose omponents have the same projetion to
M). The bre produts are, again, smooth manifolds in suh a way
that the anonial projetions πi1...ir : Y
[k] // Y [r] are smooth maps.
In the following, we ollet the basi denitions.
Denition 2.1 ([18℄). A bundle gerbe G over a smooth manifold M is a
surjetive submersion π : Y // M , a line bundle L over Y [2], a 2-form
C ∈ Ω2(Y ), and an isomorphism
µ : π∗12L⊗ π
∗
23L // π
∗
13L
of line bundles over Y [3], suh that two axioms are satised:
(G1) The urvature of L is xed by
curv(L) = π∗2C − π
∗
1C.
(G2) µ is assoiative in the sense that the diagram
π∗12L⊗ π
∗
23L⊗ π
∗
34L
π∗123µ⊗id
//
id⊗π∗234µ

π∗13L⊗ π
∗
34L
π∗134µ

π∗12L⊗ π
∗
24L π∗124µ
// π∗14L
of isomorphisms of line bundles over Y [4] is ommutative.
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Example 2.2. On any smooth manifold M , there is a family Iω of trivial
bundle gerbes over M , labelled by 2-forms ω ∈ Ω2(M). The surjetive sub-
mersion of Iω is Y := M and the identity π := idM , the line bundle over
Y [2] ∼= M is the trivial line bundle (equipped with the trivial at onne-
tion), and the isomorphism µ is the identity between trivial line bundles. Its
2-form is the given 2-form C := ω.
Assoiated to a bundle gerbe G over M is a 3-form H ∈ Ω3(M) alled
the urvature of G. It is the unique 3-form whih satises π∗H = dC. The
trivial bundle gerbe Iω has the urvature dω.
We would like to ompare two bundle gerbes using a notion of morphisms
between bundle gerbes. The morphisms between suh gerbes whih we on-
sider here have been introdued in [26℄. For simpliity, we work with the
onvention that we do not label or write down pullbaks along anonial
projetion maps, suh as in (1) and (1M1) below.
Denition 2.3. Let G1 and G2 be bundle gerbes over M . A 1-morphism
A : G1 // G2
onsists of a surjetive submersion ζ : Z // Y1 ×M Y2, a vetor bundle A
over Z, and an isomorphism
(1) α : L1 ⊗ ζ
∗
2A
// ζ∗1A⊗ L2
of vetor bundles over Z ×M Z, suh that two axioms are satised:
(1M1) The urvature of A obeys
1
n
tr(curv(A)) = C2 − C1,
where n is the rank of A.
(1M2) The isomorphism α ommutes with the isomorphisms µ1 and µ2 of
the gerbes G1 and G2 in the sense that the diagram
ζ∗12L1 ⊗ ζ
∗
23L1 ⊗ ζ
∗
3A
µ1⊗id
//
id⊗ζ∗23α

ζ∗13L1 ⊗ ζ
∗
3A
ζ∗13α

ζ∗12L1 ⊗ ζ
∗
2A⊗ ζ
∗
23L2
ζ∗12α⊗id

ζ∗1A⊗ ζ
∗
12L2 ⊗ ζ
∗
23L2 id⊗µ2
// ζ∗1A⊗ ζ
∗
13L2
of isomorphisms of vetor bundles over Z×MZ×MZ is ommutative.
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These 1-morphisms are generalizations of so-alled stable isomorphisms
[17℄. They are generalized in two aspets: we admit vetor bundles of rank
possibly higher than 1 (this makes it possible to desribe gerbe modules by
morphisms), and these vetor bundles live over a more general spae Z than
just the bre produt Y1 ×M Y2 (this makes the omposition of morphisms
easier).
A 1-morphism A : G // G′ requires that the urvatures of the bundle
gerbes G and G′ oinide. This follows from axiom (1M1) and the fat that
the trae of the urvature of a vetor bundle is a losed form.
Example 2.4. Every bundle gerbe G has an assoiated 1-morphism
idG : G // G
dened by the identity surjetive submersion idZ of Z := Y
[2]
, the line bundle
A := L of the bundle gerbe G itself, and the isomorphism
π∗13L⊗ π
∗
34L
π∗134µ
// π∗14L
π∗124µ
−1
// π∗12L⊗ π
∗
24L
of line bundles over Z ×M Z = Y
[4]
, where we have identied ζ1 = π12 and
ζ2 = π34. The axioms for this 1-morphism follow from the axioms of the
bundle gerbe G.
The 2-ategorial aspets of the theory of bundle gerbes enter when one
wants to ompare two 1-morphisms.
Denition 2.5. Let A : G1 // G2 and A
′ : G1 // G2 be 1-morphisms
between bundle gerbes over M . A 2-morphism
β : A +3 A′
is a surjetive submersion ω : W // Z1 ×P Z2, where P := Y1 ×M Y2,
together with a morphism βW : A1 // A2 of vetor bundles over W , suh
that the diagram
(2)
L1 ⊗ ω
∗
2A1
α1
//
id⊗ω∗2βW

ω∗1A1 ⊗ L2
ω∗1βW⊗id

L1 ⊗ ω
∗
2A2 α2
// ω∗1A2 ⊗ L2
of morphisms of vetor bundles over W×MW is ommutative. We shall often
omit the subsript in βW if it is lear from the ontext that the notation refers
to the bundle isomorphism.
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Due to tehnial reasons, one has to dene a ertain equivalene relation
on the spae of 2-morphisms [26℄, whose preise form is not important for
this artile. A 2-morphism β : A +3 A′ is invertible if and only if the
morphism βW of vetor bundles is invertible. This, in turn, is the ase if and
only if the ranks of the vetor bundles of A and A′ oinide.
Bundle gerbes over M , 1-morphisms and 2-morphisms as dened above
form a stritly assoiative 2-ategory BGrb(M) [26℄. We desribe below
what that means. Most importantly for us, we an ompose 1-morphisms:
Denition 2.6. The omposition of two 1-morphisms A : G1 // G2 and
A′ : G2 // G3 is the 1-morphism
A′ ◦ A : G1 // G3
dened by the following data: its surjetive submersion is ζ : Z˜ // Y1×M Y3
with Z˜ := Z ×Y2 Z
′
and the anonial projetions to Y1 and Y3, its vetor
bundle over Z˜ is A˜ := A⊗A′, and its isomorphism is given by
L1 ⊗ ζ˜
∗
2 A˜ L1 ⊗ ζ
∗
2A⊗ ζ
′∗
2 A
′
α⊗id

ζ∗1A⊗ L2 ⊗ ζ
′∗
2 A
′
id⊗α′

ζ∗1A⊗ ζ
′∗
1 A
′ ⊗ L3 ζ˜∗1 A˜⊗ L3.
The axioms for this 1-morphism are easy to hek. If we taitly assume
the ategory of vetor spaes to be stritly monoidal, it turns out that the
omposition of 1-morphisms dened in this manner is, indeed, stritly asso-
iative,
(A′′ ◦ A′) ◦ A = A′′ ◦ (A′ ◦ A).
The simpliity of Denition 2.6 (ompared, e.g., to the one given in [24℄) and
the strit assoiativity of the omposition of 1-morphisms are onsequenes
of our generalized denition of 1-morphisms. One an now show
Proposition 2.7 ([26℄). A 1-morphism A : G // G′ is invertible, also
alled 1-isomorphism, if and only if its vetor bundle is of rank one.
In a 2-ategory, invertibility means that there exists a 1-isomorphism A−1
ating in the opposite diretion, together with 2-isomorphisms
(3) il : A
−1 ◦ A +3 idG and ir : idG′ +3 A ◦ A
−1
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whih satisfy ertain oherene axioms [26℄. The 2-ategory BGrb(M) of
bundle gerbes over M also provides the following struture:
a) the vertial omposition of two 2-morphisms β1 : A +3 A
′
and β2 :
A′ +3 A′′ to a new 2-morphism
β2 • β1 : A +3 A
′′
whih is assoiative and has units idA for any 1-morphism A.
b) the horizontal omposition of two 2-morphisms β12 : A12 +3 A
′
12 and
β23 : A23 +3 A
′
23 to a new 2-morphism
β23 ◦ β12 : A23 ◦ A12 +3 A
′
23 ◦ A
′
12,
whih is ompatible with the vertial omposition.
) natural 2-isomorphisms
(4) ρA : idG2 ◦ A +3 A and λA : A ◦ idG1 +3 A
assoiated to any 1-morphism A : G1 // G2, whih satisfy the equality
(5) idA′ ◦ ρA = λA′ ◦ idA.
The 2-ategory of bundle gerbes has pullbaks: for every smooth map
f : M // N , there is a strit 2-funtor
(6) f∗ : BGrb(N) // BGrb(M).
Thus, for any bundle gerbe G, we have a pullbak bundle gerbe f∗G; for any
1-morphism A : G1 // G2, a pullbak 1-morphism f
∗A : f∗G1 // f
∗G2;
and for every 2-morphism β : A +3 A′, a pullbak 2-morphism f∗β :
f∗A +3 f∗A′. These pullbaks are essentially dened as pullbaks of the
surjetive submersions and the struture thereon, details an be found in
[26℄. If a bundle gerbe G has urvature H, its pullbak f∗G has urvature
f∗H. The stritness of the 2-funtor (6) means that f∗idG = idf∗G and
f∗(A′ ◦ A) = f∗A′ ◦ f∗A whenever A and A′ are omposable 1-morphisms.
If g : X // M is another map, we nd (f ◦ g)∗ = g∗ ◦ f∗.
In order to onentrate on what we need in this artile, we dene the
dual G∗ of a bundle gerbe G without emphasizing its role in the 2-ategorial
ontext. G∗ onsists of the same surjetive submersion π : Y // M as G,
the 2-form −C ∈ Ω2(Y ), the line bundle L∗ over Y [2] and the inverse of the
dual of the isomorphism µ, whih is an isomorphism
µ∗−1 : π∗12L
∗ ⊗ π∗23L
∗ // π∗13L
∗
of line bundles over Y [3]. If H is the urvature of G, the urvature of G∗ is
−H. If A : G1 // G2 is a 1-morphism, we dene an adjoint 1-morphism
A† : G∗1 // G
∗
2
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in the following way: it onsists of the same surjetive submersion ζ :
Z // Y1 ×M Y2 as A, it has the vetor bundle A
∗
over Z, and the iso-
morphism
α∗−1 : L∗1 ⊗ ζ
∗
1A
∗ // ζ∗2A
∗ ⊗ L∗2
of vetor bundles over Z ×M Z. The axioms for this 1-morphism follow
immediately from those for A. Finally, for a 2-isomorphism β : A1 +3 A2,
we dene an adjoint 2-isomorphism
β† : A†1
+3 A†2.
It has the same surjetive submersion ω : W // Z1 ×P Z2 as β, and the
isomorphism β∗−1W : A
∗
1
// A∗2 of vetor bundles over W . Notie that all
these operations are stritly involutive:
(7) G∗∗ = G , A†† = A and β†† = β.
Remark 2.8. In the ontext of some more strutures in the 2-ategory
BGrb(M), as desribed in [26℄, namely a duality 2-funtor ()∗ and a funtor
assigning inverses A−1 to 1-isomorphisms A, and ertain 2-morphisms β# :
A−12
+3 A−11 to 2-isomorphisms β : A1
+3 A2, we nd A
† = A∗−1 and
β† = β#−1.
2.2 Twisted-Equivariant Strutures
An orientifold group (Γ, ǫ) for a smooth manifold M is a nite group Γ
ating smoothly on the left on M , together with a group homomorphism
ǫ : Γ // Z2 = {−1, 1}. We label the dieomorphisms implementing the
ation by the group elements themselves, for instane γ : M // M . Notie
that γ2 ◦ γ1 = γ2γ1.
Next, we dene an ation of the orientifold group (Γ, ǫ) on bundle gerbes
over M and their 1- and 2-morphisms. The value ǫ(γ) indiates whether a
group element γ ∈ Γ ats just by pullbak along γ−1 or also by additionally
taking adjoints. Expliitly, for a bundle gerbe G, we set
γG :=
{
(γ−1)∗G if ǫ(γ) = 1
(γ−1)∗G∗ if ǫ(γ) = −1.
Similarly, for a 1-morphism A : G // H, we have a 1-morphism
γA : γG // γH
dened by
γA :=
{
(γ−1)∗A if ǫ(γ) = 1
(γ−1)∗A† if ǫ(γ) = −1.
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Finally, for a 2-isomorphism β : A +3 A′, we have a 2-isomorphism
γβ : γA +3 γA′
dened by
γβ :=
{
(γ−1)∗β if ǫ(γ) = 1
(γ−1)∗β† if ǫ(γ) = −1.
Note that our onventions and (7) imply
(γ1γ2) = γ1γ2,
so that γ is a left ation on gerbes and their 1- and 2-morphisms. We use
the same notation for dierential forms, i.e. γω := ǫ(γ)(γ−1)∗ω for any
dierential form ω on M . If H is the urvature of a bundle gerbe G, the
urvature of γG is γH.
Denition 2.9. Let (Γ, ǫ) be an orientifold group forM and let G be a bundle
gerbe over M . A (Γ, ǫ)-equivariant struture on G onsists of 1-isomorphisms
Aγ : G // γG
for eah γ ∈ Γ, and of 2-isomorphisms
ϕγ1,γ2 : γ1Aγ2 ◦ Aγ1 +3 Aγ1γ2
for eah pair γ1, γ2 ∈ Γ, suh that the diagram
(8)
γ1γ2Aγ3 ◦ γ1Aγ2 ◦ Aγ1
γ1ϕγ2,γ3◦id

id◦ϕγ1,γ2
+3 γ1γ2Aγ3 ◦ Aγ1γ2
ϕγ1γ2,γ3

γ1Aγ2γ3 ◦ Aγ1 ϕγ1,γ2γ3
+3 Aγ1γ2γ3
of 2-isomorphisms is ommutative.
We all a bundle gerbe G with (Γ, ǫ)-equivariant struture a (Γ, ǫ)-
equivariant bundle gerbe or twisted-equivariant bundle gerbe. If ǫ is onstant,
a (Γ, ǫ)-equivariant bundle gerbe G is just alled a Γ-equivariant bundle gerbe.
The urvature H of a twisted-equivariant bundle gerbe satises γH = H.
A twisted-equivariant struture on a bundle gerbe G is alled normalized if
the following hoies onerning the neutral group element 1 ∈ Γ have been
made:
(a) the 1-isomorphism A1 : G // G is the identity 1-isomorphism idG ;
(b) the 2-isomorphism ϕ1,γ : Aγ ◦idG +3 Aγ is the natural 2-isomorphism
λAγ from the 2-ategory of bundle gerbes;
() aordingly, the 2-isomorphism ϕγ,1 : idγG ◦ Aγ +3 Aγ is the natural
2-isomorphism ρAγ from the 2-ategory of bundle gerbes.
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Bundle gerbes with normalized twisted-equivariant strutures will give rise
to elements in normalized group ohomology, as we shall see in Setion
4. A twisted-equivariant struture on a bundle gerbe G is alled de-
sended if all surjetive submersions, i.e. the surjetive submersions ζγ
of the 1-isomorphisms Aγ and the surjetive submersions ω
γ1,γ2
of the 2-
isomorphisms ϕγ1,γ2 , are identities. This will be important in Setion 3.
Example 2.10. As an example, let us equip the trivial bundle gerbe Iω
from Example 2.2 with a twisted-equivariant struture, for any orientifold
group (Γ, ǫ) of M . This is possible for 2-forms ω ∈ Ω2(M) with γω = ω for
all γ ∈ Γ. Sine then γIω = Iγω = Iω, we may hoose Aγ := idIω for all
γ ∈ Γ. Aordingly, we an also hoose
ϕγ1,γ2 := ρidIω = λidIω : idIω ◦ idIω
+3 idIω .
Diagram (8) ommutes due to ondition (5). We denote this anonial (Γ, ǫ)-
equivariant struture by Jω. It is normalized and desended.
We reall that there exist anonial bundle gerbes over all ompat simple
Lie groups [16, 12℄. All normalized twisted-equivariant strutures on these
anonial bundle gerbes were lassied (up to equivalene dened below)
in [14℄ using ohomologial onsiderations (see also Setion 4): they arise
in numbers ranging from two to sixteen. The orresponding geometrial
onstrutions will appear in [13℄.
Let us formulate the denition of a (Γ, ǫ)-equivariant struture in terms of
line bundles and their isomorphisms. For onveniene, we assume the (Γ, ǫ)-
equivariant struture to be desended (see also Lemma 2.13 below). The
pullbak bundle gerbe (γ−1)∗G has the surjetive submersion πγ : Yγ // M
in the ommutative pullbak diagram
Yγ //
πγ

Y
π

M
γ−1
// M
,
with Yγ := Y and πγ := γ ◦ π, and the rest of the data is the same as
for G. The 1-isomorphism Aγ : G // γG is now a line bundle Aγ over
Zγ := Y ×M Yγ and an isomorphism
(9) αγ : π
∗
13L⊗ π
∗
34Aγ // π
∗
12Aγ ⊗ π
∗
24L
ǫ(γ)
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of line bundles over Zγ ×M Z
γ
, satisfying the ompatibility axiom (1M2),
namely
(10)
π∗13L⊗ π
∗
35L⊗ π
∗
56Aγ
π∗135µ⊗id
//
id⊗π∗3456αγ

π∗15L⊗ π
∗
56Aγ
π∗1256αγ

π∗13L⊗ π
∗
34Aγ ⊗ π
∗
46L
ǫ(γ)
π∗1234αγ⊗id

π∗12Aγ ⊗ π
∗
24L
ǫ(γ) ⊗ π∗46L
ǫ(γ)
id⊗π∗246µ
ǫ(γ)
// π∗12Aγ ⊗ π
∗
26L
ǫ(γ)
.
Here, and in the following, we have regarded the bre produts of Zγ
with itself as a subset of Y 4 and Y 6 respetively, and used the proje-
tions πij : Y
k // Y 2 arefully: in (9) we have well-dened projetions
π12, π34 : Z
γ×M Z
γ // Zγ and π13, π24 : Z
γ×M Z
γ // Y [2], and similarly
in (10). Furthermore, Lǫ(γ) stands for the dual line bundle L∗ and µǫ(γ) for
the isomorphism µ∗−1 if ǫ(γ) = −1.
The surjetive submersion of the 1-isomorphism γ1Aγ2 is the identity on
Zγ2γ1 := Yγ1 ×M Yγ1γ2 , whose projetion to the base spae M makes the
diagram
Zγ2γ1

Zγ2

M
γ−11
// M
ommutative. Further, γ1Aγ2 onsists of the line bundle A
ǫ(γ1)
γ2 over Z
γ2
γ1 ,
and of the isomorphism α
ǫ(γ1)
γ2 , whih stands for α
∗−1
γ2
if ǫ(γ1) = −1. Next,
applying Denition 2.6 for the omposition of two 1-morphisms to γ1Aγ2 ◦
Aγ1 , we have to form the bre produt
Zγ1,γ2 := Zγ1 ×Yγ1 Z
γ2
γ1
∼= Y ×M Yγ1 ×M Yγ1γ2
with the surjetive submersion π13 : Z
γ1,γ2 // Y ×M Yγ1γ2 . The line bundle
of the omposition γ1Aγ2 ◦ Aγ1 is the line bundle π
∗
12Aγ1 ⊗ π
∗
23A
ǫ(γ1)
γ2 over
Zγ1,γ2 , and its isomorphism is
(id⊗ π∗2356α
ǫ(γ1)
γ2
) ◦ (π∗1245αγ1 ⊗ id) : π
∗
14L⊗ π
∗
45Aγ1 ⊗ π
∗
56A
ǫ(γ1)
γ2
// π∗12Aγ1 ⊗ π
∗
23A
ǫ(γ1)
γ2
⊗ π∗36L
ǫ(γ1γ2)
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Finally, we ome to the 2-isomorphisms ϕγ1,γ2 , whose surjetive submer-
sion ω is by assumption the identity on Zγ1,γ2 , so that they indue the
isomorphisms
ϕγ1,γ2 : π
∗
12Aγ1 ⊗ π
∗
23A
ǫ(γ1)
γ2
// π∗13Aγ1γ2
of line bundles over Zγ1,γ2 satisfying the ompatibility ondition (2) for
2-morphisms, whih, here, amounts to the ommutativity of the diagram
(turned by 90 degrees ompared to (2) for presentational reasons)
(11)
π∗14L⊗ π
∗
45Aγ1 ⊗ π
∗
56A
ǫ(γ1)
γ2
id⊗π∗456ϕγ1,γ2
//
π∗1245αγ1⊗id

π∗14L⊗ π
∗
46Aγ1γ2
π∗1346αγ1γ2

π∗12Aγ1 ⊗ π
∗
25L
ǫ(γ1) ⊗ π∗56A
ǫ(γ1)
γ2
id⊗π∗2356α
ǫ(γ1)
γ2

π∗12Aγ1 ⊗ π
∗
23A
ǫ(γ1)
γ2 ⊗ π
∗
36L
ǫ(γ1γ2)
π∗123ϕγ1,γ2⊗id
// π∗13Aγ1γ2 ⊗ π
∗
36L
ǫ(γ1γ2)
of isomorphisms of line bundles over Zγ1,γ2 ×M Z
γ1,γ2
. The ommutativity
of diagram (8) from Denition 2.9 is equivalent to that of the diagram
(12)
π∗12Aγ1 ⊗ π
∗
23A
ǫ(γ1)
γ2 ⊗ π
∗
34A
ǫ(γ1γ2)
γ3
π∗123ϕγ1,γ2⊗id

id⊗π∗234ϕ
ǫ(γ1)
γ2,γ3
// π∗12Aγ1 ⊗ π
∗
24A
ǫ(γ1)
γ2γ3
π∗124ϕγ1,γ2γ3

π∗13Aγ1γ2 ⊗ π
∗
34A
ǫ(γ1γ2)
γ3 π∗134ϕγ1γ2,γ3
// π∗14Aγ1γ2γ3
of isomorphisms of line bundles over Zγ1,γ2,γ3 ∼= Y ×M Yγ1 ×M Yγ1γ2 ×M
Yγ1γ2γ3 .
Summarizing, a desended (Γ, ǫ)-equivariant struture on the bundle gerbe
G is
1) a line bundle Aγ over Z
γ
of urvature curv(Aγ) = ǫ(γ)π
∗
2C − π
∗
1C for
eah γ ∈ Γ;
2) for eah γ ∈ Γ, an isomorphism
αγ : π
∗
13L⊗ π
∗
34Aγ
// π∗12Aγ ⊗ π
∗
24L
ǫ(γ)
of line bundles over Zγ ×M Z
γ
suh that the diagram (10) is ommu-
tative;
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3) for eah pair (γ1, γ2) ∈ Γ× Γ, an isomorphism
ϕγ1,γ2 : π
∗
12Aγ1 ⊗ π
∗
23A
ǫ(γ1)
γ2
// π∗13Aγ1γ2
of line bundles over Zγ1,γ2 suh that the diagrams (11) and (12) are
ommutative.
If the (Γ, ǫ)-equivariant struture is normalized, we have A1 := L and the
isomorphism α1 := π
∗
124µ
−1 ◦ π∗134µ. The normalization onstraints ϕγ,1 =
ρAγ and ϕ1,γ = λAγ imply ϕ1,1 = µ.
Next, we would like to ompare two (Γ, ǫ)-equivariant bundle gerbes.
Denition 2.11. Let (Γ, ǫ) be an orientifold group for M and let Ga and
Gb be bundle gerbes over M equipped with (Γ, ǫ)-equivariant strutures J a =
(Aaγ , ϕ
a
γ1,γ2
) and J b = (Abγ , ϕ
b
γ1,γ2
), respetively. An equivariant 1-morphism
(B, ηγ) : (G
a,J a) // (Gb,J b)
is a 1-morphism B : Ga // Gb of the underlying bundle gerbes together with
a family of 2-isomorphisms
ηγ : γB ◦ A
a
γ
+3 Abγ ◦ B,
one for eah γ ∈ Γ, suh that the diagram
(13)
γ1γ2B ◦ γ1A
a
γ2
◦ Aaγ1
γ1ηγ2◦idAaγ1

idγ1γ2B◦ϕ
a
γ1,γ2
+3 γ1γ2B ◦ A
a
γ1γ2
ηγ1γ2

γ1A
b
γ2
◦ γ1B ◦ A
a
γ1
id
γ1A
b
γ2
◦ηγ1

γ1A
b
γ2
◦ Abγ1 ◦ B
ϕbγ1,γ2
◦idB
+3 Abγ1γ2 ◦ B
of 2-isomorphisms is ommutative.
Equivariant 1-morphisms an be omposed in a natural way: if
(Ga,J a)
(B,ηγ)
// (Gb,J b)
(B′,η′γ)
// (Gc,J c)
are two omposable equivariant 1-morphisms, their omposition onsists of
the 1-morphism B′ ◦ B : Ga // Gc and the 2-morphisms
γ(B′ ◦ B) ◦ Aaγ = γB
′ ◦ γB ◦ Aaγ
id◦ηγ
+3 γB′ ◦ Abγ ◦ B
η′γ◦id
+3 Acγ ◦ (B
′ ◦ B) .
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This omposition is assoiative. We also have an identity equivariant 1-
morphism assoiated to a (Γ, ǫ)-equivariant bundle gerbe (G,J ) given by
(idG , λ
−1
Aγ
• ρAγ ). An equivariant 1-morphism (B, ηγ) is alled invertible or
equivariant 1-isomorphism if the 1-morphism B is invertible. In this ase, an
inverse is given by (B−1, η−1γ ). Hene, equivariant 1-isomorphisms furnish an
equivalene relation on the set of (Γ, ǫ)-equivariant bundle gerbes over M .
Denition 2.12. Two twisted-equivariant bundle gerbes over M are alled
equivalent if there exists an equivariant 1-isomorphism between them.
The set of equivalene lasses of twisted-equivariant bundle gerbes over
M will be further investigated in Setions 3 and 4. Let us antiipate here
the following fat.
Lemma 2.13. Every twisted-equivariant bundle gerbe is equivalent to one
with desended twisted-equivariant struture.
Proof. We reall Theorem 1 of [26℄: for every 1-morphism A : G // H,
there exists a desended 1-morphism Des(A) : G // H whose surjetive
submersion ζ : Z // Y ×M Y
′
is the identity, together with a 2-isomorphism
σA : A +3 Des(A). For every 2-morphism ϕ : A
a +3 Ab, there exists a
2-morphism
Des(ϕ) : Des(Aa) +3 Des(Ab)
suh that the diagram
(14)
Aa
σAa
+3
ϕ

Des(Aa)
Des(ϕ)

Ab σ
Ab
+3 Des(Ab)
is ommutative. For a given (Γ, ǫ)-equivariant struture J = (Aγ , ϕγ1,γ2) on
a bundle gerbe G, we dene A′γ := Des(Aγ) and ϕ
′
γ1,γ2
:= Des(ϕγ1,γ2). Due
to the ommutativity of (14), the new ϕ′γ1,γ2 still satisfy ondition (8) for
(Γ, ǫ)-equivariant strutures. Then, the hoies B = idG and ηγ = σAγ dene
an equivariant 1-isomorphism whih establishes the laimed equivalene. 
We all an equivariant 1-morphism between bundle gerbes with normalized
(Γ, ǫ)-equivariant strutures normalized if η1 : B ◦ idGa +3 idGb ◦ B is given
by the natural 2-morphisms of the 2-ategory, η1 = ρ
−1
B • λB. We all an
equivariant 1-morphism desended if the surjetive submersion of B is the
identity.
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Let us, again, desribe what an equivariant 1-morphism (B, ηγ) is in terms
of line bundles and isomorphisms thereof. We assume it to be desended for
simpliity. The 1-isomorphism B : Ga // Gb onsists of a vetor bundle B
over Z := Y a ×M Y
b
and of an isomorphism β : π∗13L
a ⊗ π∗34B
// π∗12B ⊗
π∗24L
b
over Z [2] satisfying axiom (1M1). The omposition γB ◦ Aaγ we have
to onsider is the 1-morphism with the vetor bundle π∗12A
a
γ ⊗ π
∗
23B
ǫ(γ)
over
Zγ1 := (Z
a)γ ×Y aγ Zγ
∼= Y a ×M Y
a
γ ×M Y
b
γ ,
and with the isomorphism
(15) (id ⊗ π∗2356β
ǫ(γ)) ◦ (π∗1245α
a
γ ⊗ id) : π
∗
14L
a ⊗ π∗45A
a
γ ⊗ π
∗
56B
ǫ(γ)
// π∗12A
a
γ ⊗ π
∗
23B
ǫ(γ) ⊗ π∗36(L
b)ǫ(γ)
of vetor bundles over (Zγ1 )
[2]
. The other omposition, Abγ ◦ B, is the 1-
morphism with the vetor bundle π∗12B ⊗ π
∗
23A
b
γ over
Zγ2 := Z ×Y b (Z
b)γ ∼= Y a ×M Y
b ×M Y
b
γ ,
and with the isomorphism
(16) (id ⊗ π∗2356α
b
γ) ◦ (π
∗
1245β ⊗ id) : π
∗
14L
a ⊗ π∗45B ⊗ π
∗
56A
b
γ
// π∗12B ⊗ π
∗
23A
b
γ ⊗ π
∗
36(L
b)ǫ(γ)
of vetor bundles over (Zγ2 )
[2]
. The 2-isomorphisms ηγ orrespond now to
isomorphisms
(17) ηγ : π
∗
12A
a
γ ⊗ π
∗
24B
ǫ(γ) // π∗13B ⊗ π
∗
34A
b
γ
of vetor bundles over Zγ1 ×P Z
γ
2
∼= Y a ×M Y
a
γ ×M Y
b ×M Y
b
γ , where P :=
Y a ×M Y
b
γ , and these isomorphisms satisfy the ompatibility ondition
(18)
π∗15L
a ⊗ π∗56A
a
γ ⊗ π
∗
68B
ǫ(γ)
id⊗π∗5678ηγ

// π∗12A
a
γ ⊗ π
∗
24B
ǫ(γ) ⊗ π∗48(L
b)ǫ(γ)
π∗1234ηγ⊗id

π∗15L
a ⊗ π∗57B ⊗ π
∗
78A
b
γ
// π∗13B ⊗ π
∗
34A
b
γ ⊗ π
∗
48(L
b)ǫ(γ),
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where the horizontal arrows are given by (15) and (16), respetively. Finally,
the ommutativity of diagram (13) implies the ommutativity of the diagram
(19)
π∗12A
a
γ1
⊗ π∗23(A
a
γ2
)ǫ(γ1) ⊗ π∗36B
ǫ(γ1γ2)
π∗123ϕ
a
γ1,γ2
⊗id
//
id⊗π∗2356η
ǫ(γ1)
γ2

π∗13A
a
γ1γ2
⊗ π∗36B
ǫ(γ1γ2)
π∗1346ηγ1γ2

π∗12A
a
γ1
⊗ π∗25B
ǫ(γ1) ⊗ π∗56(A
b
γ2
)ǫ(γ1)
π∗1245ηγ1⊗id

π∗14B ⊗ π
∗
45A
b
γ1
⊗ π∗56(A
b
γ2
)ǫ(γ1)
id⊗π∗456ϕ
b
γ1,γ2
// π∗14B ⊗ π
∗
46A
b
γ1γ2
.
For ompleteness, and as a preparation for Setion 5, we would also like to
introdue equivariant 2-morphisms. Suppose that we have (Γ, ǫ)-equivariant
bundle gerbes (Ga,J a) and (Gb,J b), and that we have two equivariant 1-
morphisms (B, ηγ) and (B
′, η′γ) between these. An equivariant 2-morphism
φ : (B, ηγ) +3 (B
′, η′γ)
is a 2-morphism φ : B +3 B′ whih is ompatible with the 2-morphisms ηγ
and η′γ in the sense that the diagram
(20)
γB ◦ Aaγ
γφ◦idAaγ

ηγ
+3 Abγ ◦ B
id
Abγ
◦φ

γB′ ◦ Aaγ
η′γ
+3 Abγ ◦ B
′
of 2-morphisms is ommutative.
In terms of morphisms between vetor bundles, φ is just a morphism
φ : B // B′ of vetor bundles over Z = Y a ×M Y
b
whih is ompatible
with the isomorphisms β and β′ in the sense that the diagram
(21)
π∗13L
a ⊗ π∗34B
β
//
id⊗π∗34φ

π∗12B ⊗ π
∗
24L
b
π∗12φ⊗id

π∗13L
a ⊗ π∗34B
′
β′
// π∗12B
′ ⊗ π∗24L
b
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is ommutative, and diagram (20) imposes the ommutativity of
(22)
π∗12A
a
γ ⊗ π
∗
24B
ǫ(γ)
ηγ
//
id⊗π∗24φ
ǫ(γ)

π∗13B ⊗ π
∗
34A
b
γ
π∗13φ⊗id

π∗12A
a
γ ⊗ π
∗
24B
′ǫ(γ)
η′γ
// π∗13B
′ ⊗ π∗34A
b
γ .
Naturally, twisted-equivariant bundle gerbes, equivariant 1-morphisms
and equivariant 2-morphisms form, again, a 2-ategory, but we will not stress
this point.
2.3 Jandl Gerbes
In this setion, we onsider the partiular orientifold group (Z2, id). The
non-trivial group element of Z2 is denoted by k, and its ation k :M // M
is an involution. Aording to Denition 2.9, a (normalized) Z
id
2 -equivariant
struture is a single 1-isomorphism
Ak : G // k
∗G∗
and single 2-isomorphism
ϕk,k : k
∗A†k ◦ Ak
+3 idG
suh that
(23) λAk • (id ◦ ϕk,k) = ρAk • (k
∗ϕ†k,k ◦ id).
It is easy to see that this is exatly the same as a Jandl struture [23℄: the
1-isomorphism A := k∗Ak : k
∗G // G∗ and the 2-isomorphism ϕ dened by
k∗A
ρ−1
k∗A
+3 idG ◦ k
∗A
ir◦idk∗A
+3 A∗ ◦ A† ◦ k∗A
idA∗◦ϕk,k
+3 A∗ ◦ idG
λA∗
+3 A∗
yield a Jandl struture as desribed in [26℄. Hene, we will all a (Z2, id)-
equivariant struture just Jandl struture and a (Z2, id)-equivariant bundle
gerbe Jandl gerbe.
Now, we elaborate the details of a Jandl struture, whih we may assume
to be desended aording to Lemma 2.13. The 1-isomorphism Ak onsists
of a line bundle Ak over Z
k := Y ×M Yk of urvature
(24) curv(Ak) = −(π
∗
2C + π
∗
1C)
in the notation of Setion 2.2, together with an isomorphism
(25) αk : π
∗
13L⊗ π
∗
34Ak // π
∗
12Ak ⊗ π
∗
24L
∗
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of line bundles over Zk ×M Z
k
satisfying axiom (1M2). The omposition
k∗A†k ◦ Ak is the 1-isomorphism with the surjetive submersion id on
Zk,k = Zk ×Yk Z
k
k
∼= Y ×M Yk ×M Y ,
the line bundle π∗12Ak ⊗ π
∗
23A
∗
k over Z
k,k
and the isomorphism
(id⊗ π∗2356α
∗−1
k ) ◦ (π
∗
1245αk ⊗ id) : π
∗
14L⊗ π
∗
45Ak ⊗ π
∗
56A
∗
k
// π∗12Ak ⊗ π
∗
23A
∗
k ⊗ π
∗
36L
of line bundles over Zk,k ×M Z
k,k
. The 2-isomorphism ϕk,k orresponds to
a bundle isomorphism
(26) ϕk,k : π
∗
12Ak ⊗ π
∗
23A
∗
k
// π∗13L,
ompatible with αk by virtue of the ommutativity of the diagram
π∗14L⊗ π
∗
45Ak ⊗ π
∗
56A
∗
k
id⊗π∗456ϕk,k

// π∗12Ak ⊗ π
∗
23A
∗
k ⊗ π
∗
36L
π∗123ϕk,k⊗id

π∗14L⊗ π
∗
46L // π
∗
13L⊗ π
∗
36L.
Finally, equation (23) gives the ommutativity of
(27)
π∗12Ak ⊗ π
∗
23A
∗
k ⊗ π
∗
34Ak
π∗123ϕk,k⊗id

id⊗π∗234ϕ
∗−1
k,k
// π∗12Ak ⊗ π
∗
24L
∗
π∗124ρ

π∗13L⊗ π
∗
34Ak π∗134λ
// π∗14Ak.
It is worthwhile to disuss a trivialized Jandl gerbe. This is a Jandl gerbe
(G,J ) equipped with a trivialization, i.e. a 1-isomorphism T : G // Iρ.
Here, the 2-ategorial formalism an be used fruitfully. In [26℄, a funtor
(28) Bun : Hom(Iρ1 ,Iρ2) // Bun(M)
is dened: for every 1-morphism A : Iρ1 // Iρ2 between trivial bundle
gerbes over M , it provides a vetor bundle Bun(A) over M ; and for every
2-morphism β : A +3 A′, it provides a morphism
Bun(β) : Bun(A) // Bun(A′)
of vetor bundles over M . If the 1-morphism A : Iρ1 // Iρ2 has a vetor
bundle A over ζ : Z // M ×M M ∼= M , the vetor bundle Bun(A) is
uniquely haraterized by the property that ζ∗Bun(A) ∼= A. Aordingly,
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the rank n of Bun(A) is equal to the rank of A, and its urvature satises,
by axiom (1M1),
1
n
tr(curv(Bun(A))) = ρ2 − ρ1.
The funtor Bun has the following ompatibility properties:
• Bun(A2 ◦ A1) = Bun(A1)⊗ Bun(A2)
• Bun(idIρ) = 1
• Bun(f∗A) = f∗Bun(A)
• Bun(A†) = Bun(A)∗,
in whih 1 denotes the trivial line bundle with the trivial at onnetion.
Let us return to the Jandl gerbe (G,J ) and the trivialization T : G // Iρ.
First, we form a 1-isomorphism R : Iρ // I−k∗ρ by omposing
(29) Iρ
T −1
// G
Ak
// k∗G∗
k∗T †
// I−k∗ρ,
and a 2-isomorphism ψ : k∗R† ◦ R +3 idIρ by omposing
(30)
k∗R† ◦ R T ◦ k∗A
†
k ◦ k
∗T †−1 ◦ k∗T † ◦ Ak ◦ T
−1
id◦il◦id

T ◦ k∗A†k ◦ idk∗G∗ ◦ Ak ◦ T
−1
id◦ρAk◦id

T ◦ k∗A†k ◦ Ak ◦ T
−1
id◦ϕk,k◦id

T ◦ idG ◦ T
−1
λT ◦id

T ◦ T −1
i−1r
+3 idIρ .
In this denition, we have used the 2-isomorphisms il and ir from (3) asso-
iated to the inverse 1-isomorphism k∗T †−1, and the 2-isomorphisms ρ and
λ from (4). Equation (5) assures that it is not important whether one uses
λ or ρ.
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Now we apply the funtor Bun to the 1-isomorphism R and the 2-
isomorphism ψ. The rst yields a line bundle R := Bun(R) over M of
urvature −(k∗ρ + ρ), and the seond (using the above rules) an isomor-
phism
φ := Bun(ψ) : R⊗ k∗R∗ // 1
of line bundles over M . Finally, ondition (23) implies that
φ⊗ idR = idR ⊗ k
∗φ†
as isomorphisms from R ⊗ k∗R∗ ⊗ R to R. In other words, the pair (R,φ)
is a k-equivariant line bundle over M . Summarizing, every trivialized Jandl
gerbe gives rise to an equivariant line bundle.
Remark 2.14. One ould also use the funtor Bun to express a trivialized
twisted-equivariant struture in terms of bundles over M in the ase of a
general orientifold group (Γ, ǫ). The result is not (as probably expeted) a
Γ-equivariant line bundle over M but a family Rγ of line bundles over M of
urvature γρ− ρ, together with isomorphisms
φγ1,γ2 : Rγ1 ⊗ γ1Rγ2 // Rγ1γ2
of line bundles whih satisfy a oherene ondition on triples γ1, γ2, γ3 ∈ Γ.
It will be useful to investigate the relation between the equivariant line
bundles assoiated to two equivariantly isomorphi Jandl gerbes. Sup-
pose that (Ga,J a) and (Gb,J b) are Jandl gerbes over M with respet
to the same involution k : M // M , and suppose further that (B, ηk) :
(Ga,J a) // (Gb,J b) is an equivariant 1-isomorphism. Let T b : Gb // Iρ
be a trivialization of Ga and let T a := T b ◦ B be the indued trivialization
of Ga. We obtain the k-equivariant line bundles (Ra, φa) and (Rb, φb) over
M in the manner desribed above.
Lemma 2.15. The 2-isomorphism ηk indues an isomorphism κ :
Ra // Rb of line bundles over M that respets the equivariant strutures
in the sense that the diagram
Ra ⊗ k∗(Ra)∗
φa
//
κ⊗k∗κ∗−1

1
Rb ⊗ k∗(Rb)∗
φb
// 1
of isomorphisms of line bundles over M is ommutative.
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Proof. The 2-isomorphism ηk : k
∗B†◦Aak
+3 Abk◦B indues an isomorphism
k∗B† ◦ Aak ◦ B
−1 ηk◦id +3 Abk ◦ B ◦ B
−1 id◦i
−1
r
+3 Abk ◦ idGb
λ
Ab
k
+3 Abk.
The omposition of the above 1-morphisms with (T b)−1 from the right and
with k∗(T b)† from the left yields a 2-isomorphism η′k : R
a +3 Rb aording
to (29). Then, we have κ := Bun(η′k). It is straightforward to hek that
the 2-isomorphism η′k and the two 2-isomorphisms ψ
a
and ψb from (30) t
into a ommutative diagram, suh that applying the funtor Bun yields the
assertion we had to show. 
3 Desent Theory for Jandl Gerbes
In this setion, we onsider an orientifold group (Γ, ǫ) whose normal subgroup
Γ0 := ker(ǫ) of Γ ats on M without xed points, so that the quotient
M ′ := M/Γ0 is equipped with a anonial smooth-manifold struture suh
that the projetion p : M // M ′ is a smooth map. We remark that there
is a remaining smooth group ation of Γ′ := Γ/Γ0 on M
′
. We also still have
a group homomorphism ǫ′ : Γ′ // Z2, so that (Γ
′, ǫ′) is an orientifold group
for M ′.
Theorem 3.1. Let (Γ, ǫ) be an orientifold group for M with Γ0 ating with-
out xed points, and let (Γ′, ǫ′) be the quotient orientifold group for the quo-
tient M ′ := M/Γ0. Then, there is a anonial bijetion

Equivalene lasses
of (Γ, ǫ)-equivariant
bundle gerbes over M

 ∼= //


Equivalene lasses
of (Γ′, ǫ′)-equivariant
bundle gerbes over M ′

 .
Notie that Theorem 3.1 unites two interesting ases:
1) The original group homomorphism ǫ : Γ // Z2 is onstant ǫ(γ) = 1.
In this ase, Γ0 = Γ and (Γ
′, ǫ′) is the trivial (orientifold) group. Here,
Theorem 3.1 redues to the well-known bijetion
 Equivalene lassesof Γ-equivariant
bundle gerbes over M

 ∼= //
{
Isomorphism lasses of
bundle gerbes over M ′
}
.
This bijetion was used in [12℄ to onstrut bundle gerbes on non-
simply onneted Lie groups G/Γ0 from bundle gerbes over the univer-
sal overing group G.
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2) The original group homomorphism ǫ : Γ // Z2 is non-trivial. In this
ase, Γ′ = Z2 and ǫ
′ = id. Here Theorem 3.1 redues to a bijetion

Equivalene lasses
of (Γ, ǫ)-equivariant
bundle gerbes over M

 ∼= //
{
Equivalene lasses of
Jandl gerbes over M ′
}
.
We will use this bijetion in [13℄ to onstrut Jandl gerbes over non-
simply onneted Lie groups.
In the sequel of this setion, we shall prove Theorem 3.1 assuming, for
simpliity, that all equivariant strutures are normalized. First, we start with
a given (Γ, ǫ)-equivariant bundle gerbe over M and onstrut an assoiated
quotient bundle gerbe G′ over M ′ along the lines of [11℄.
By Lemma 2.13, we may assume that the (Γ, ǫ)-equivariant struture is
desended. If π : Y // M is the surjetive submersion of G, the bre
produts of the surjetive submersion ω : Y // M ′ with itself, dened by
ω := p ◦ π, are disjoint unions
Y ×M ′ Y ∼=
⊔
γ∈Γ0
Zγ and Y ×M ′ Y ×M ′ Y ∼=
⊔
(γ1,γ2)∈Γ20
Zγ1,γ2 .
We reall that the (Γ, ǫ)-equivariant struture on G in partiular has a line
bundle Aγ over Z
γ
of urvature
(31) curv(Aγ) = ǫ(γ)π
∗
2C − π
∗
1C
for eah γ ∈ Γ, and for eah pair (γ1, γ2) ∈ Γ
2
an isomorphism
ϕγ1,γ2 : π
∗
12Aγ1 ⊗ π
∗
23A
ǫ(γ1)
γ2
// π∗13Aγ1γ2
of line bundles over Zγ1,γ2 , suh that diagram (12) is ommutative.
Denition 3.2. The quotient bundle gerbe G′ over M ′ is dened as follows:
(i) its surjetive submersion ω : Y // M ′ is the omposition of the
surjetive submersion π : Y // M of G with the quotient map p :
M // M ′;
(ii) its 2-form is the 2-form C ∈ Ω2(Y ) of G;
(iii) its line bundle A over Y ×M ′ Y is given by the line bundle A|Zγ := Aγ
over eah omponent Zγ of Y ×M ′ Y ;
(iv) its isomorphism is given by the isomorphism ϕγ1,γ2 over eah ompo-
nent Zγ1,γ2 of Y ×M ′ Y ×M ′ Y .
The axioms (G1) and (G2) for the quotient bundle gerbe follow from (31)
and (12), respetively.
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In the ase of non-trivial ǫ, we enhane the quotient bundle gerbe G′ to a
Jandl gerbe. Let us, for simpliity, denote by Γ− ⊂ Γ the subset of elements
γ ∈ Γ with ǫ(γ) = −1. To dene a Jandl struture J ′ on the quotient
bundle gerbe G′, we use the line bundles Aγ over Z
γ
for γ ∈ Γ− (whih have
not been used in Denition 3.2), and the isomorphisms ϕγ1,γ2 for elements
γ1, γ2 ∈ Γ with either γ1 ∈ Γ− or γ2 ∈ Γ− (whih have not been used yet
either). The 1-isomorphism
(32) A′k : G
′ // k∗G′∗
is dened as follows: the bre produt P := Y ×M ′ Yk of the surjetive
submersions of the two bundle gerbes an be written as
P ∼=
⊔
γ∈Γ−
Zγ ,
and the line bundle A′k over P is dened as A
′
k|Zγ := Aγ . It has the orret
urvature curv(A) = −π∗2C−π
∗
1C in the sense of axiom (1M1). The two-fold
bre produt has the omponents
P ×M ′ P ∼=
⊔
γ1,γ2,γ3∈Γ−
Zγ1,γ2,γ3 .
Now, we have to dene an isomorphism α of line bundles over P ×M ′ P ,
whih is an isomorphism
α|Zγ1,γ2,γ3 : π
∗
13Aγ1γ2 ⊗ π
∗
34Aγ3 // π
∗
12Aγ1 ⊗ π
∗
24A
∗
γ2γ3
,
on the omponent Zγ1,γ2,γ3 , where we have a dual line bundle beause the
target of the isomorphism A is the dual bundle gerbe. We dene this iso-
morphism as the omposition of
π∗134ϕγ1γ2,γ3 : π
∗
13Aγ1γ2 ⊗ π
∗
34Aγ3
// π∗14Aγ1γ2γ3 ,
with no dual line bundle on the left sine ǫ(γ1γ2) = 1, with the inverse of
π∗124ϕγ1,γ2γ3 : π
∗
12Aγ1 ⊗ π
∗
24A
∗
γ1γ3
// π∗14Aγ1γ2γ3 .
The isomorphism α dened in this manner satises axiom (1M2) for 1-
morphisms due to the ommutativity ondition (12) for the isomorphisms
ϕγ1,γ2 . This ompletes the denition of the 1-isomorphism A
′
k.
We are left with the denition of the 2-isomorphism ϕ′k,k : k
∗A′†k ◦
A′k
+3 idG′ for whih we use the remaining struture, namely the 1-
isomorphisms ϕγ1,γ2 with γ1, γ2 ∈ Γ−. The 1-morphism k
∗A′†k ◦ A
′
k has a
surjetive submersion ω : W → Y ×M ′ Y for W = Y ×M ′ Yk ×M ′ Y . Upon
the identiation
W ∼=
⊔
γ1,γ2∈Γ−
Zγ1,γ2 ,
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ω is indued by the natural maps Zγ1,γ2 → Zγ1γ2 . Over the omponent
Zγ1,γ2 , the line bundle of k∗A′†k ◦ A
′
k is equal to π
∗
12Aγ1 ⊗ π
∗
23A
∗
γ2
and we
dene the bundle isomorphism ϕ′k,k|Zγ1,γ2 as
ϕγ1,γ2 : π
∗
12Aγ1 ⊗ π
∗
23A
∗
γ2
// π∗13Aγ1γ2 .
Indeed, the 1-isomorphism idG has the line bundle of the bundle gerbe G
′
whih is Aγ1γ2 over Z
γ1γ2
. The axiom for ϕ′k,k an be dedued from the
ommutativity ondition for the 2-isomorphisms ϕγ1,γ2 .
Finally, we have to assure that the 2-isomorphism ϕ′k,k satises equation
(23) for Jandl strutures. To see this, we have to express the natural 2-
isomorphisms ρA and λA by the given 2-isomorphisms ϕγ1,γ2 . Aording to
their denition, we nd ρA|Zγ1,γ2 = ϕγ1,γ2 and λA|Zγ1,γ2 = ϕγ2,γ1 for γ1 ∈ Γ−
and γ2 ∈ Γ0. Then, equation (23) redues to the ommutativity ondition
for the 2-isomorphisms ϕγ1,γ2 . This ompletes the denition of the Jandl
struture J ′ on the quotient bundle gerbe G′.
The seond step in the proof of Theorem 3.1 is to demonstrate that the
proedure desribed above is well-dened on equivalene lasses. For this
purpose, we show that an equivariant 1-morphism
(B, ηγ) : (G
a,J a) // (Gb,J b)
between (Γ, ǫ)-equivariant bundle gerbes over M indues a 1-morphism B′
between the quotient bundle gerbes Ga ′ and Gb ′. We may assume again that
the 1-morphism B is desended. Then, it onsists of a line bundle B over
Z := Y a×M Y
b
, and of an isomorphism β of line bundles over Z×M Z. The
additional 2-isomorphisms orrespond to bundle isomorphisms
ηγ : π
∗
12A
a
γ ⊗ π
∗
24B
ǫ(γ) // π∗13B ⊗ π
∗
34A
b
γ .
of line bundles over Y a ×M Y
a
γ ×M Y
b ×M Y
b
γ , see (17).
The quotient 1-morphism B′ is dened as follows. Its surjetive submersion
is the disjoint union Z˜ of Z˜γ := Z ×Y b (Z
b)γ ∼= Y a ×M Y
b ×M Y
b
γ over all
γ ∈ Γ0, together with the projetion
π13 : Z˜
γ // Y a ×M Y
b
γ
whose odomain is the γ-omponent of the bre produt of the surjetive
submersions of the two quotient bundle gerbes. Its line bundle B′ is dened
as B′|Z˜γ ≡ B
′
γ := π
∗
12B ⊗ π
∗
23A
b
γ , whih has the orret urvature:
curv(B′γ) = π
∗
12curv(B) + π
∗
23curv(A
b
γ)
= π∗2C
b − π∗1C
a + π∗3C
b − π∗2C
b = π∗3C
b − π∗1C
a
.
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In order to dene the isomorphism of B′, we have to onsider the bre produt
Z˜ ×M ′ Z˜ ∼=
⊔
γ,γ′,γ′′∈Γ0
Y a ×M Y
b ×M Y
b
γ ×M Y
a
γγ′ ×M Y
b
γγ′ ×M Y
b
γγ′γ′′
and set
π∗14A
a
γγ′ ⊗ π
∗
456Bγ′′ π
∗
14A
a
γγ′ ⊗ π
∗
45B ⊗ π
∗
56A
b
γ′′
π∗1245ηγγ′⊗id

π∗12B ⊗ π
∗
25A
b
γγ′ ⊗ π
∗
56A
b
γ′′
id⊗π∗256ϕ
b
γγ′,γ′′

π∗12B ⊗ π
∗
26A
b
γγ′γ′′
id⊗π∗236ϕ
b−1
γ,γ′γ′′

π∗12B ⊗ π
∗
23A
b
γ ⊗ π
∗
36A
b
γ′γ′′ π
∗
123B
′
γ ⊗ π
∗
36A
b
γ′γ′′ .
This isomorphism satises axiom (1M2) due to the ommutativity of the
diagram for the isomorphisms ηγ from Denition 2.11 and the one for the
ϕbγ1,γ2 from Denition 2.9.
In the ase of ǫ non-trivial, we enhane the quotient 1-morphism B′ to an
equivariant 1-morphism
(B′, η′k) : (G
a′,J a′) // (Gb ′,J b ′)
between Jandl gerbes over M ′. To this end, we have to dene the 2-
isomorphism
(33) η′k : k
∗B′† ◦ A′ak +3 A
′b
k ◦ B
′
for k the non-trivial group element of Γ′ ∼= Z2, and A
′a
k and A
′b
k the 1-
isomorphisms (32) of the quotient Jandl strutures on Ga′ and Gb′, re-
spetively. Colleting all denitions, we establish that the 1-morphism
k∗B′† ◦ A′ak on the left has the submersion Z
l := P a ×Y a
k
Z˜k whih, for
Z˜ ∼=
⊔
γ∈Γ0
Y a ×M Y
b ×M Y
b
γ , beomes a disjoint union over the bre prod-
uts Y a ×M Y
a
γ′ ×M Y
b
γ′ ×M Y
b
γ′′ for γ
′, γ′′ ∈ Γ−. Over this spae, it has a
line bundle Al dened omponentwise as π∗12A
a
γ′ ⊗ π
∗
23B
∗ ⊗ π∗34(A
b
γ′−1γ′′
)∗.
The 1-morphism A′bk ◦ B
′
on the right has the submersion Zr := Z˜ ×Y b P
b
whih is the disjoint union of the bre produts Y a×M Y
b×M Y
b
γ ×Y
b
γ′′ , with
γ ∈ Γ0 and γ
′′ ∈ Γ−, and over that, a line bundle A
r
dened omponentwise
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as π∗12B ⊗ π
∗
23A
b
γ ⊗ π
∗
34A
b
γ−1γ′′
. The 2-morphism (33) is now dened on the
surjetive submersion
W :=
⊔
γ∈Γ0,γ′,γ′′∈Γ−
Y a ×M Y
a
γ′ ×M Y
b ×M Y
b
γ′ ×M Y
b
γ ×M Y
b
γ′′
with the projetions π1246 to Z
l
and π1356 to Z
r
. We then delare the
following isomorphism between the pullbaks of Al and Ar to W :
π∗1246A
l π∗12A
a
γ′ ⊗ π
∗
24B
∗ ⊗ π∗46(A
b
γ′−1γ′′
)∗
π∗1234ηγ′⊗id

π∗13B ⊗ π
∗
34A
b
γ′ ⊗ π
∗
46(A
b
γ′−1γ′′
)∗
id⊗π∗346ϕ
b
γ′,γ′−1γ′′

π∗13B ⊗ π
∗
36A
b
γ′′
id⊗π∗356(ϕ
b
γ,γ−1γ′′
)−1

π∗13B ⊗ π
∗
35A
b
γ ⊗ π
∗
56A
b
γ−1γ′′ π
∗
1356A
r
.
It involves the isomorphism ηγ′ belonging to the equivariant 1-morphism,
see (17). Sine γ′ ∈ Γ− here, we have, by now, used all the struture of
(B, ηγ). It is straightforward to hek that these isomorphisms satisfy the
ompatibility axiom and make the diagram (13) ommutative.
We have, so far, obtained a well-dened map
q :


Equivalene lasses
of (Γ, ǫ)-equivariant
bundle gerbes over M

 //


Equivalene lasses
of (Γ′, ǫ′)-equivariant
bundle gerbes over M ′

 .
In order to nish the proof of Theorem 3.1, we now show that q is surjetive
and injetive. Let us start with the observation that the pullbak G := p∗G′
of any bundle gerbe G′ over M ′ along the projetion p : M // M ′ has a
anonial Γ0-equivariant struture. This omes from the fat that G = γG
for all γ ∈ Γ0, so that Aγ := idG and
ϕγ1,γ2 := λidG = ρidG : idG ◦ idG
+3 idG
dene a Γ0-equivariant struture.
Let us have a loser look at this Γ0-equivariant struture. To this end,
notie that G has the surjetive submersion Y := M ×M ′ Y
′ // M whose
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bre produts have, eah, an obvious projetion Y [k] // Y ′[k]. The line
bundle L and the isomorphism µ of G are pullbaks of L′ and µ′ along this
projetion. The 1-isomorphisms Aγ have the surjetive submersion Z
γ ∼=
Y [2] and the line bundles Aγ := L, see Example 2.4. The 2-isomorphisms
ϕγ1,γ2 have the surjetive submersions Z
γ1,γ2 ∼= Y [3] and the isomorphisms
ϕγ1,γ2 := µ.
We an, next, pass to the quotient bundle gerbe G′′. Its surjetive sub-
mersion is Y ′′ := Y whose bre produts Y ′′[k] = Γk−10 × Y
[k]
ome, eah,
with an obvious projetion to Y [k]. In fat, the line bundle L′′ and the
multipliation µ′′ for G′′ are pullbaks of L and µ, respetively, along these
projetions. Summarizing, the quotient bundle gerbe G′′ has the struture
of G′ pulled bak along the omposed projetions Y ′′[k] // Y ′[k], whih are
bre-preserving. It is well-known that suh bundle gerbes are isomorphi.
Let, now, J ′ be a Jandl struture on G′ onsisting of a line bundle A′k
over Z ′ := Y ′ ×M ′ Y
′
k, and of an isomorphism α of line bundles over Z
′[2]
.
To the above anonial Γ0-equivariant struture, we add 1-isomorphisms
Aγ : G // γG for γ ∈ Γ−. The relevant bre produt Z
γ = Y ×MYγ projets
to Z ′, so that the line bundle Aγ is dened as the pullbak of A
′
k along this
projetion. Similarly, the isomorphism α′ pulls bak to the isomorphism
of Aγ . The Jandl struture J
′
also ontains a 2-isomorphism ϕ′k,k, whih
naturally pulls bak to the 2-isomorphisms ϕγ1,γ2 that we need to omplete
the denition of a anonial (Γ, ǫ)-equivariant struture J on the pullbak
bundle gerbe G. We onlude, along the lines of the above disussion, that
(G,J ) desends to a Jandl gerbe over M ′ whih is equivariantly isomorphi
to (G′,J ′).
It remains to prove that the map q is injetive. Thus, we assume that two
(Γ, ǫ)-equivariant bundle gerbes (Ga,J a) and (Gb,J b) desend to a pair of
equivariantly isomorphi Jandl gerbes (Ga′,J a′) and (Gb′,J b′) over M ′. Let
(B′, η′k) be an equivariant 1-isomorphism between the latter Jandl gerbes. If
we assume it to be desended, B′ is based on the bre produt
Z ′ = Y a′ ×M ′ Y
b′ ∼=
⊔
γ∈Γ0
Y a ×M Y
b
γ
and the line bundle B′ over Z ′ has omponents B′γ . Its isomorphism is
(34) β′γ1,γ2,γ3 : π
∗
13A
a
γ1γ2
⊗ π∗34B
′
γ3
// π∗12B
′
γ1
⊗ π∗24A
b
γ2γ3
.
The additional 2-isomorphism η′k is, in the notation of Setion 2.2, an iso-
morphism of line bundles over
Z ′k1 ×P ′ Z
′k
2
∼=
⊔
γ1,γ2,γ3∈Γ−
Y a ×M Y
a
γ1
×M Y
b
γ1γ2
×M Y
b
γ1γ2γ3
,
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with omponents
(35) (η′k)γ1,γ2,γ3 : π
∗
12A
a
γ1
⊗ π∗24B
′∗
γ2γ3
// π∗13B
′
γ1γ2
⊗ π∗34A
b
γ3
,
aording to (17). Let us, now, onstrut an equivariant 1-isomorphism
(B, ηγ) : (G
a,J a) // (Gb,J b)
out of this struture. Its existene will prove that the map q is injetive.
The 1-isomorphism B : Ga // Gb has the surjetive submersion Y a ×M
Y b and we take the line bundle B′1 over that spae as its line bundle B
(all the other line bundles B′γ with γ 6= 1 are to be ignored). Similarly,
the isomorphism β′1,1,1 serves as the isomorphism β of B. It remains to
onstrut the 2-isomorphisms ηγ . For γ ∈ Γ−, these we dene them as the
isomorphisms
(η′k)γ,γ−1,γ : π
∗
12A
a
γ ⊗ π
∗
24B
′∗
1
// π∗13B
′
1 ⊗ π
∗
34A
b
γ
from (35), while for γ ∈ Γ0, as the isomorphisms
β′1,γ,1 : π
∗
13A
a
γ ⊗ π
∗
34B
′
1
// π∗12B
′
1 ⊗ π
∗
24A
b
γ
from (34) (pulled bak along the map that exhanges the seond and the
third fator). Finally, all the relations that these isomorphisms should obey
are readily seen to be satised.
4 Twisted-equivariant Deligne Cohomology
In this setion, we relate the geometri theory developed in Setions 2 and
3 to its ohomologial ounterpart introdued in [14℄.
4.1 Loal Data
Let (Γ, ǫ) be an orientifold group for M , and let G be a bundle gerbe over
M with (Γ, ǫ)-equivariant struture J , onsisting of 1-isomorphisms Aγ and
of 2-isomorphisms ϕγ1,γ2 . We assume that there is a overing O = {Oi}i∈I
and a left ation of Γ on the index set I suh that γ(Oi) = Oγi, and suh
that there exist setions si : Oi // Y . We dene
MO :=
⊔
i∈I
Oi
and onstrut the smooth map
s :MO // Y : (x, i)
 // si(x).
30 BUNDLE GERBES FOR ORIENTIFOLD SIGMA MODELS
There are indued maps s : M
[k]
O
// Y [k] on all bre produts, where M
[k]
O
is just the disjoint union of all non-empty k-fold intersetions Oi1...ik :=
Oi1 ∩ ... ∩ Oik of open sets in O. They may be used to pull bak the
line bundle L, the 2-form C and the isomorphism µ of G. Choose, now,
setions σij : Oij // s
∗L (of unit length) and dene smooth funtions
gijk : Oijk // U(1) by
s∗µ(σij ⊗ σjk) = gijk · σik,
extrat loal onnetion 1-forms Aij ∈ Ω
1(Oij) suh that
s∗∇σij =
1
iAij σij ,
where ∇ stands for the ovariant derivative, and dene 2-forms Bi := s
∗
iC ∈
Ω2(Oi). Axiom (G1) gives the equation
(36) dAij = Bj −Bi on Oij .
Sine µ preserves onnetions, one obtains
(37) Aij −Aik +Ajk = ig
−1
ijkdgijk on Oijk,
and axiom (G2) infers the oyle ondition
(38) gijl · gjkl = gikl · gijk on Oijkl.
One an always hoose the setions σij suh that Aij and gijk have the
antisymmetry property Aij = −Aji and gijk = g
−1
jik = g
−1
ikj = g
−1
kji.
We ontinue by extrating loal data of the 1-isomorphisms
Aγ : G // γG
onsisting, eah, of a line bundle Aγ over Z
γ = Y ×M Yγ and of an isomor-
phism
αγ : π
∗
13L⊗ π
∗
34Aγ // π
∗
12Aγ ⊗ π
∗
24L
ǫ(γ)
of line bundles over Zγ ×M Z
γ
, see the disussion in Setion 2.2. Note that
sγ−1i ◦γ
−1 : Oi // Yγ is a setion into Yγ , i.e. πγ ◦(sγ−1i ◦γ
−1) = idOi , and
so we get the map sγ : MO // Yγ : (x, i)
 // sγ−1i(γ
−1(x)) ompatible
with the projetions to M . Note that also σγ−1i γ−1j ◦ γ
−1 : Oij // s
∗
γL is
a setion. Furthermore, we have a mixed map
(39) zγ : MO // Z
γ : (x, i)  // (si(x), sγ−1i(γ
−1(x)))
into the spae Zγ . Note that π1 ◦ zγ = s and π2 ◦ zγ = sγ , so that the
pullbak of αγ along zγ is an isomorphism
z∗γαγ : s
∗L⊗ π∗2z
∗
γAγ // π
∗
1z
∗
γAγ ⊗ s
∗
γL
ǫ(γ)
of line bundles overMO×MMO (the two maps π1, π2 above are the anonial
projetions from MO ×M MO to MO). Choose new unit-length setions
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σγi : Oi
// z∗γAγ and obtain loal onnetion 1-forms Π
γ
i ∈ Ω
1(Oi), as well
as smooth funtions χγij : Oij
// U(1) by the relation
z∗γαγ(σij ⊗ σ
γ
j ) = χ
γ
ij · (σ
γ
i ⊗ (σ
ǫ(γ)
γ−1iγ−1j
◦ γ−1)).
In order to simplify the notation in the following disussion, we write
(40) γfi := ((γ
−1)∗fγ−1i)
ǫ(γ)
and γΠi := ǫ(γ)(γ
−1)∗Πγ−1i
for U(1)-valued funtions fi and 1-forms Πi, respetively, and likewise for
omponents of generi p-form-valued eh ohains enountered below. In
this notation, axiom (1M1) gives
(41) γBi −Bi = dΠ
γ
i .
Sine αγ preserves onnetions, one obtains
(42) γAij −Aij = Π
γ
j −Π
γ
i − iχ
γ−1
ij dχ
γ
ij ,
and axiom (1M2) gives
(43) γgijk · g
−1
ijk = χ
γ−1
ij · χ
γ
ik · χ
γ−1
jk .
One an, again, hoose the setions suh that χγij = (χ
γ
ji)
−1
.
Finally, we extrat loal data from the 2-isomorphisms ϕγ1,γ2 . Consider
the spae Zγ1,γ2 = Y ×M Yγ1 ×M Yγ1γ2 and the isomorphism
ϕγ1,γ2 : π
∗
12Aγ1 ⊗ π
∗
23A
ǫ(γ1)
γ2
// π∗13Aγ1γ2
of line bundles over Zγ1,γ2 . We use the map
zγ1,γ2 :MO
// Zγ1,γ2
(x, i)  // (si(x), sγ−11 i
(γ−11 (x)), sγ−12 γ
−1
1 i
(γ−12 (γ
−1
1 (x))))
to pull bak the isomorphism ϕγ1,γ2 to MO. Note that π12 ◦ zγ1,γ2 = zγ1 ,
π23 ◦ zγ1,γ2 = zγ2 ◦ γ
−1
1 and π13 ◦ zγ1,γ2 = zγ1γ2 . Hene, we may use the
setions σγi : Oi
// z∗γAγ to extrat smooth funtions f
γ1,γ2
i : Oi
// U(1)
by the relation
z∗γ1,γ2ϕγ1,γ2(σ
γ1
i ⊗ (σ
γ2
γ−11 i
◦ γ−11 )
ǫ(γ1)) = fγ1,γ2i · σ
γ1γ2
i .
From the requirement that ϕγ1,γ2 respet onnetions, it follows that
(44) γ1Π
γ2
i −Π
γ1γ2
i +Π
γ1
i = i(f
γ1,γ2
i )
−1dfγ1,γ2i
The ompatibility ondition (11) for the 2-morphism ϕγ1,γ2 beomes
(45) γ1χ
γ2
ij · (χ
γ1γ2
ij )
−1 · χγ1ij = (f
γ1,γ2
i )
−1 · fγ1,γ2j ,
and the ondition imposed on the morphisms ϕγ1,γ2 in Denition 2.9, equiv-
alent to the ommutativity of diagram (12), reads
(46) γ1f
γ2,γ3
i · (f
γ1γ2,γ3
i )
−1 · fγ1,γ2γ3i · (f
γ1,γ2
i )
−1 = 1.
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Summarizing, the bundle gerbe has loal data c := (Bi, Aij , gijk), and
the (Γ, ǫ)-equivariant struture has loal data bγ := (Π
γ
i , χ
γ
ij) and aγ1,γ2 :=
(fγ1,γ2i ). If the (Γ, ǫ)-equivariant struture is normalized, the mixed map
z1 : MO // Z
1 = Y [2] dened in (39) is z1 = ∆ ◦ s, so we may hoose
σ1i := ∆
∗σii and obtain Π
1
i = Aii = 0. With this hoie, we nd, for
α1 = (1 ⊗ π∗124µ
−1) ◦ (π∗134µ ⊗ 1), the loal datum χ
1
ij = g
−1
iij · gijj = 1. For
ϕ1,γ , we get f
1,γ
i = (χ
γ
ii)
−1giii = 1, and, analogously, f
γ,1
i = χ
γ
iigiii = 1.
Finally, f1,1i = giii = 1.
Let us now extrat loal data of an equivariant 1-morphism
(B, ηγ) : (G,J ) // (G
′,J ′)
between two (Γ, ǫ)-equivariant bundle gerbes over M . We may hoose an
open overing O of M with an ation of Γ on its index set as above, suh
that it admits setions si : Oi // Y and s
′
i : Oi
// Y ′ for both bundle
gerbes. The 1-morphism B provides a vetor bundle B over Z := Y ×M Y
′
of some rank n. Generalizing the mixed map (39), we have a map
(47) z : MO // Z : (x, i)
 // (si(x), s
′
i(x)).
Just as above, we hoose an orthonormal frame of setions σai : Oi
// z∗B,
a = 1, . . . , n, and obtain loal onnetion 1-forms Λi ∈ Ω
1(Oi, u(n)) with
values in the set of hermitian (n × n)-matries, alongside smooth funtions
Gij : Oij // U(n) dened by the relation
(z∗∇)σai =
1
i
(Λi)
a
b σ
b
i
z∗β(σij ⊗ σ
a
j ) = (Gij)
a
b (σ
b
i ⊗ σ
′
ij),
where β is the isomorphism of B over Z×MZ and σij and σ
′
ij are the setions
hosen to extrat loal data of the two bundle gerbes G and G′. Analogously
to equations (41), (42) and (43), we have
B′i −Bi =
1
n
tr(dΛi),
A′ij −Aij = Λj −G
−1
ij · Λi ·Gij − iG
−1
ij dGij ,(48)
g′ijk · g
−1
ijk = Gik ·G
−1
jk ·G
−1
ij .
Again, the setions σai an be hosen suh that Gij = G
−1
ji . The 2-
isomorphisms ηγ : γB◦Aγ +3 A
′
γ◦B are, following the disussion in Setion
2.2, isomorphisms
ηγ : π
∗
12Aγ ⊗ π
∗
24B
ǫ(γ) // π∗13B ⊗ π
∗
34A
′
γ
of vetor bundles over Zγ1 ×P Z
γ
2
∼= Y ×M Yγ ×M Y
′ ×M Y
′
γ , see (17). We
ompose a map
zγ :MO // Z
γ
1×PZ
γ
2 : (x, i)
 // (si(x), sγ−1i(γ
−1(x)), s′i(x), s
′
γ−1i(γ
−1(x))),
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into that spae and dene smooth funtions Hγi : Oi
// U(n) by
z∗γηγ(σ
γ
i ⊗ (σ
a
γ−1i ◦ γ
−1)ǫ(γ)) = (Hγi )
a
b (σ
b
i ⊗ σ
′γ
i ).
Sine ηγ preserves the onnetions, we obtain
(49) γΛi = (H
γ
i )
−1 · Λi ·H
γ
i + i(H
γ
i )
−1dHγi +Π
′γ
i −Π
γ
i .
The ommutativity of diagram (18) implies that
(50) γGij = χ
′γ
ij · (χ
γ
ij)
−1 · (Hγi )
−1 ·Gij ·H
γ
j .
Here, we have extended the notation of (40) to U(n)-valued funtions and
u(n)-valued 1-forms in the following way:
γΛi :=
{
(γ−1)∗Λγ−1i if ǫ(γ) = 1
−(γ−1)∗Λγ−1i if ǫ(γ) = −1
(51)
γGi :=
{
(γ−1)∗Gγ−1i if ǫ(γ) = 1
(γ−1)∗Gγ−1i if ǫ(γ) = −1
with the overbar denoting the omplex onjugation. These denitions oin-
ide with (40) for n = 1. The ommutativity of diagram (19) leads to
(52) Hγ1γ2i · f
γ1,γ2
i = f
′γ1,γ2
i ·H
γ1
i · γ1H
γ2
i .
Thus, an equivariant 1-morphism has loal data β := (Λi, Gij) and ηγ :=
(Hγi ) satisfying (49), (50) and (52).
Finally, for ompleteness, assume that φ : (B, ηγ) +3 (B
′, η′γ) is an equi-
variant 2-morphism, i.e. φ : B // B′ is a morphism of vetor bundles over
Z subjet to the two onditions of Setion 2.2. We use the map z : MO // Z
from (47) to pull bak φ and to extrat smooth funtions (Ui)
a
a′ dened on
Oi by
z∗φ(σai ) = (Ui)
a
a′ σ
′a′
i .
Here, a = 1, . . . , n and a′ = 1, . . . , n′, where n and n′ are ranks of the vetor
bundles B and B′, respetively. The ondition that φ preserves hermitian
metris and the onnetions yields
(53) U †i · Ui = 1 and Λi = U
†
i · Λ
′
i · Ui + iU
†
i dUi.
The two remaining onditions, namely the ommutativity of diagrams (21)
and (22) impose the relations
(54) Gij = U
†
i ·G
′
ij · Uj and H
γ
i = U
†
i ·H
′γ
i · γUi.
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4.2 Deligne Cohomology-valued Group Cohomology
It is onvenient to put the loal data extrated above into the ontext of
Deligne hyperohomology. We denote by U the sheaf of smooth U(1)-valued
funtions on M , and by Λq the sheaf of q-forms on M . The Deligne omplex
in degree 2, denoted by D(2), is the omplex
(55) 0 // U
1
i
dlog
// Λ1
d
// Λ2
of sheaves over M . Together with the eh omplex of the open over O, it
gives a double omplex whose total omplex K(D(2))
(56) 0 // A0
D0
// A1
D1
// A2
D2
// A3
has the ohain groups
A0 = C0(U),
A1 = C0(Λ1)⊕ C1(U),
A2 = C0(Λ2)⊕ C1(Λ1)⊕ C2(U),
A3 = C1(Λ2)⊕ C2(Λ1)⊕ C3(U),
and the dierentials
D0(fi) = (−if
−1
i dfi , f
−1
j · fi),
D1(Πi, χij) = (dΠi , −iχ
−1
ij dχij +Πj −Πi , χ
−1
jk · χik · χ
−1
ij ),
D2(Bi, Aij , gijk) = (dAij −Bj +Bi , −ig
−1
ijkdgijk +Ajk −Aik +Aij ,
g−1jkl · gikl · g
−1
ijl · gijk).
The ohomology of this omplex is the hyperohomology of the double om-
plex indued from (55). Its groups are denoted by H
k(M,D(2)). The loal
data c = (Bi, Aij , gijk) extrated above from the bundle gerbe G are an el-
ement of A2, and the properties (36), (37) and (38) show that D2(c) = 0.
This is the Deligne oyle of a bundle gerbe [9℄.
In [14℄, we turned the omplex An into a omplex of left Γ-modules, where
the ation of Γ is given by (40) and its extension to higher order forms. Thus,
γc are the loal data of γG for the same hoie of setions. The loal data
bγ = (Π
γ
i , χ
γ
ij) extrated above from 1-isomorphisms Aγ give an element
bγ ∈ A
1
, and the properties (41), (42) and (43) amount to the relations
(57) γc− c = D1bγ .
Furthermore, the loal data aγ1,γ2 = (f
γ1,γ2
i ) extrated from 2-isomorphisms
ϕγ1,γ2 give an element aγ1,γ2 ∈ A
0
, and its properties (44) and (45) are
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equivalent to the identities
(58) γ1bγ2 − bγ1γ2 + bγ2 = −D0aγ1γ2 .
The additional onstraint (46) reads:
(59) γ1aγ2,γ3 − aγ1γ2,γ3 + aγ1,γ2γ3 − aγ1,γ2 = 0
(where the right-hand side represents the trivial eh ohain (1) in the
additive notation). As reognized in [14℄, the equations above show that
group ohomology is relevant in the present ontext. For eah Γ-module An,
we form the group of Γ-ohains Ck(An) = Map(Γk, An), together with the
Γ-oboundary operator
δ : Ck(An) // Ck+1(An)
dened as
(δn)γ1,...,γk+1 = γ1nγ2,...,γk+1 − nγ1γ2,...,γk+1
+ ...+ (−1)knγ1,...,γkγk+1 + (−1)
k+1nγ1,...,γk.
When expressed in terms of this oboundary operator, equations (57), (58)
and (59) beome
(60) (δc)γ = D1bγ , (δb)γ1,γ2 = −D0aγ1,γ2 and (δa)γ1 ,γ2,γ3 = 0.
These are equations (2.13)-(2.15) of [14℄. In group ohomology, a ohain
nγ1,...,γn is alled normalized if nγ1,...,γn = 0 whenever some γi = 1. No-
tie that the ohains ηγ and aγ1,γ2 are normalized if the (Γ, ǫ)-equivariant
struture on G is normalized.
The oboundary operator δ ommutes with the dierential Dn, and so
the groups Ck(An) form again a double omplex. Its hyperohomology is
denoted by H
n(Γ,K(D(2))ǫ), where the subsript ǫ on K(D(2)) indiates
that the ation of Γ on the latter module is the one inherited from (40).
The olletion (c, bγ , aγ1,γ2), representing the bundle gerbe G with (Γ, ǫ)-
equivariant struture, denes an element in the degree 2 ohain group of
this total omplex. Equations (60) together with D2c = 0 show that it is
even a oyle, dening a lass in H
2(Γ,K(D(2))ǫ).
In the same way as above, loal data β = (Λi, Gij) and ηγ = (H
γ
i ) of
an equivariant 1-isomorphism t into this framework. The restrition to
1-isomorphisms means that the funtions Λi and H
γ
i take values in U(1),
and that the 1-forms Λi are real-valued. Notie that the onventions (51)
oinide with the denitions (40) in the abelian ase. Then, β ∈ A1 and
ηγ ∈ A
0
. Equations (48), equations (49) and (50), and equation (52) mean
(61) c′ = c+D1β , b
′
γ = bγ + (δβ)γ +D0ηγ
and a′γ1,γ2 = aγ1,γ2 − (δη)γ1 ,γ2 .
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These are equations (2.16)-(2.18) of [14℄. Thus, (Γ, ǫ)-equivariant bundle
gerbes whih are related by an equivariant 1-isomorphism dene the same
lass in H
2(Γ,K(D(2))ǫ).
Proposition 4.1. The map

Equivalene lasses
of (Γ, ǫ)-equivariant
bundle gerbes over M

 // H2(Γ,K(D(2))ǫ)
dened by extrating loal data as desribed above is a bijetion.
Proof. This follows from the usual reonstrution of bundle gerbes, 1-
morphisms and 2-morphisms from given loal data, see, e.g., [24℄. The
reonstruted objets have the property that they admit loal data from
whih they were reonstruted. Thus, in order to see the surjetivity, one
reonstruts a bundle gerbe G, the 1-morphisms Aγ and the 2-morphisms
ϕγ1,γ2 from given loal data. The oyle ondition assures that all nees-
sary diagrams are ommutative, so that one obtains a twisted-equivariant
bundle gerbe whose loal data are the given one. To see the injetivity, as-
sume that the lass of the oyle c of a given twisted-equivariant bundle
gerbe (G,J ) is trivial, c = D1(d). Then, one an reonstrut an equivariant
1-isomorphism (G,J ) // (I0,J0) from the ohain d. 
The geometri desent theory from Setion 3 implies, via Proposition 4.1,
results for the ohomology theories, namely a bijetion
H
2(Γ,K(D(2))ǫ) ∼= H
2(Γ′,K(D(2))ǫ′),
whenever the normal subgroup Γ0 := ker(ǫ) ats without xed points so
that (Γ′, ǫ′) is an orientifold group for the quotient manifold M ′. In the next
setion, we will use Proposition 4.1 in the opposite diretion.
4.3 Classiation Results
In this setion, we present a short summary of the lassiation results from
[14℄. In general, there are obstrutions to the existene of a (Γ, ǫ)-equivariant
struture on a bundle gerbe G, and if these vanish, there may be inequivalent
hoies thereof. We use Proposition 4.1 to study these issues in a purely
ohomologial way. To this end, we are looking for the image and the kernel
of the homomorphism
(62) pr : H2(Γ,K(D(2))ǫ) // H
2(M,D(2))
whih sends a twisted-equivariant Deligne lass to the underlying ordinary
Deligne lass.
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As shown in [14℄, the image an be haraterized by hierarhial obstru-
tions to the existene of twisted-equivariant strutures on a given bundle
gerbe G. If we assume that the urvature H of G is (Γ, ǫ)-equivariant in the
sense that γH = H for all γ ∈ Γ, these obstrutions are lasses
(63) o1 ∈ H
2(M,U(1)) , o2 ∈ H
2(Γ,H1(M,U(1))ǫ)
and o3 ∈ H
3(Γ,H0(M,U(1))ǫ).
The latter two are Γ-ohomology groups, with the ation of Γ on the oe-
ients indued from (40). The lass o2 is well-dened if o1 vanishes, and o3
is well-dened if o1 and o2 vanish.
Let us now disuss the kernel of the homomorphism (62), i.e. the question
what the set of equivalene lasses of twisted-equivariant bundle gerbes with
isomorphi underlying bundle gerbe looks like. We infer that pr is indued
from the projetion
(64) pn :
⊕
p+q=n
Cp(Aq) // An
of hain omplexes, whose ohomologies are H
n(Γ,K(D(2))ǫ) and
H
n(M,D(2)), respetively. The kernel of pn forms, again, a omplex whose
ohomology will be denoted by Hn. Expliitly, a lass in H2 is represented
by a pair (bγ , aγ1,γ2) with bγ ∈ A
1
and aγ1,γ2 ∈ A
0
suh that
D1bγ = 0 , (δb)γ1,γ2 = −D0aγ1,γ2 and (δa)γ1 ,γ2γ3 = 0.
Equivalent representatives satisfy b′γ = bγ + D0ηγ and a
′
γ1,γ2
= aγ1,γ2 −
(δη)γ1,γ2 for a olletion ηγ ∈ A
0
. Comparing this with equations (20) in
[14℄, we onlude that the group HΓ whih we onsidered there is obtained
from H2 by additionally identifying oyles (bγ , aγ1,γ2) and (b
′
γ , a
′
γ1,γ2
) if
there exists a β ∈ A1 suh that D1β = 0 and b
′
γ = bγ + (δβ)γ .
Lemma 4.2. The group H2 ts into the exat sequenes
0 // H2 /H1(M,U(1)) // H2(Γ,K(D(2))ǫ)
pr
// H2(M,D(2))
and
0 // H2(Γ,H0(M,U(1))ǫ) // H2 // C
1(H1(M,U(1))).
Proof. The rst sequene is just a piee of the long exat sequene obtained
from the short exat sequene whih is (64) extended by its kernel to the left,
together with the well-known identiation H
k(M,D(2)) ∼= Hk(M,U(1))
for k = 0, 1 [4℄. The seond sequene an be obtained by the same trik:
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we projet out another fator qn : ker(pn) // C1(An−1) from the exat
sequene of omplexes, yielding a short exat sequene
0 // ker(q)• // ker(p)•
q
// C1(A•−1) // 0
of hain omplexes. The interesting part of its long exat sequene is
C1(H0(M,U(1)))
δ
// H2(ker(q)) // H2 // C1(H1(M,U(1))),
for whih an easy omputation shows that H2(ker(q)) oinides with
ker(δ|C2(H0(M,U(1)))). 
We have now derived results on the image and the kernel of the proje-
tion (62). When the underlying manifold is 2-onneted, H2(M,U(1)) =
H1(M,U(1)) = 0 and H0(M,U(1))ǫ = U(1)ǫ as Γ-modules, so that the
obstrutions (63) and Lemma 4.2 boil down to
Proposition 4.3. Let M be a 2-onneted smooth manifold and let G be a
bundle gerbe over M with (Γ, ǫ)-equivariant urvature.
(a) G admits (Γ, ǫ)-equivariant strutures if and only if the third obstrution
lass o3 ∈ H
3(Γ, U(1)ǫ) vanishes.
(b) In the latter ase, equivalene lasses of (Γ, ǫ)-equivariant bundle gerbes
whose underlying bundle gerbe is isomorphi to G are parameterized by
the group H2(Γ, U(1)ǫ).
This was the starting point for the alulations in nite-group ohomology
of [14℄. Namely, on a ompat onneted simple and simply onneted Lie
group, there is a anonial family Gk of bundle gerbes with (Γ, ǫ)-equivariant
urvature for Γ a semidiret produt of Z2 (generated by the ζ-twisted inver-
sion g // ζ ·g−1, with ζ from the enter of G) and a subgroup of the enter
of G. Sine these Lie groups are 2-onneted, the obstrution lasses and the
lassifying groups for (Γ, ǫ)-equivariant strutures on Gk may be omputed
by alulations in nite-group ohomology.
5 Equivariant Gerbe Modules
Gerbe modules an be desribed onveniently as 1-morphisms [26℄:
Denition 5.1. Let G be a bundle gerbe over M . A G-module is a 1-
morphism
E : G // Iω.
The rank of the vetor bundle of E is alled the rank of the bundle-gerbe
module, and the 2-form ω is alled its entral urvature.
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Let us extrat the details of this denition. We assume that the 1-
morphism E is desended in the sense that it onsists of a vetor bundle
E over Y ∼= Y ×M M . Similarly as in Lemma 2.13, this an be assumed
up to natural 2-isomorphisms, see Theorem 1 in [26℄. By axiom (1M1), the
urvature of the vetor bundle E satises
1
n
tr(curv(E)) = π∗ω − C.
The G-module onsists also of an isomorphism
ρ : L⊗ π∗2E // π
∗
1E
of vetor bundles over Y [2] whih satises, by axiom (1M2), the ondition
(65) π∗13ρ ◦ (µ⊗ id) = π
∗
12ρ ◦ (id⊗ π
∗
23ρ).
The latter resembles the axiom for an ation ρ of a monoid L on a module
E, hene the terminology. The above denition of a bundle-gerbe module
oinides with the usual one, see, e.g., [2, 10℄.
Denition 5.2. Let (Γ, ǫ) be an orientifold group for M and let (G,J ) be
a (Γ, ǫ)-equivariant bundle gerbe over M . A (G,J )-module is a 2-form ω
on M that satises the ondition γω = ω for all γ ∈ Γ, together with an
equivariant 1-morphism
(E , ργ) : (G,J ) // (Iω,Jω),
where Jω is the anonial (Γ, ǫ)-equivariant struture on the trivial bundle
gerbe Iω from Example 2.10.
Thus, a (G,J )-module is a G-module E : G // Iω together with a 2-
morphism
ργ : γE ◦ Aγ +3 E
for every γ ∈ Γ, suh that the diagram
(66)
γ1γ2E ◦ γ1Aγ2 ◦ Aγ1
γ1ργ2◦idAγ1

idγ1γ2E◦ϕγ1,γ2
+3 γ1γ2E ◦ Aγ1γ2
ργ1γ2

γ1E ◦ Aγ1 ργ1
+3 E
is ommutative for all γ1, γ2 ∈ Γ. We say that a (G,J )-module is normalized
if the equivariant 1-morphism (E , ργ) is normalized.
We already disussed equivariant 1-morphisms in terms of vetor bundles
and isomorphisms of vetor bundles in Setion 2.2, so that we only have to
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apply these results to the partiular ase at hand. We reall that the (Γ, ǫ)-
equivariant struture on G onsists of a line bundle Aγ over Z
γ
of urvature
curv(Aγ) = ǫ(γ)π
∗
2C − π
∗
1C for eah γ ∈ Γ, and of isomorphisms
αγ : π
∗
13L⊗ π
∗
34Aγ // π
∗
12Aγ ⊗ π
∗
24L
ǫ(γ)
of line bundles over Zγ ×M Z
γ
subjet to various onditions. The G-module
E : G // Iω onsists of a vetor bundle E over Y and of an isomorphism
ρ : L ⊗ π∗2E
// π∗1E over Y
[2]
satisfying (65). The 2-morphisms ργ are
isomorphisms
(67) ργ : π
∗
12Aγ ⊗ π
∗
2E
ǫ(γ) // π∗1E
of vetor bundles over Zγ1 ×P Z
γ
2 , see (17), whih is just Z
γ
here. The
ompatibility ondition (18) now reads
(68)
π∗13L⊗ π
∗
34Aγ ⊗ π
∗
4E
ǫ(γ)
id⊗π∗34ργ

// π∗12Aγ ⊗ π
∗
2E
ǫ(γ)
π∗12ργ

π∗13L⊗ π
∗
3E π∗13ρ
// π∗1E,
and the ommutative diagram (66), whih is a speialisation of (19), beomes
(69)
π∗12Aγ1 ⊗ π
∗
23A
ǫ(γ1)
γ2 ⊗ π
∗
3E
ǫ(γ1γ2)
π∗12ϕγ1,γ2⊗id
//
id⊗π∗23ρ
ǫ(γ1)
γ2

π∗13Aγ1γ2 ⊗ π
∗
3E
ǫ(γ1γ2)
π∗13ργ1γ2

π∗12Aγ1 ⊗ π
∗
2E
ǫ(γ1)
π∗12ργ1
// π∗1E.
Denition 5.3. A (Ga,J a)-module (Ea, ρaγ) and a (G
b,J b)-module (Eb, ρbγ)
are alled equivalent if there exists an equivariant 1-isomorphism (B, ηγ) :
(Ga,J a) // (Gb,J b) and an equivariant 2-isomorphism
ν : (Eb, ρbγ) ◦ (B, ηγ) +3 (E
a, ρaγ).
In partiular, the bundle gerbes Ga and Gb are isomorphi, the 2-forms
ωa and ωb of the two gerbe modules oinide, and the two modules have
the same rank. If the 1-isomorphism B has a line bundle B over Z and an
isomorphism β, this equivariant 2-morphism is just an isomorphism
(70) ν : B ⊗ π∗2E
b // π∗1E
a
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of line bundles over Z that satises the usual axiom for 2-isomorphisms and
the additional equivariane ondition (22), whih now beomes the ommu-
tative diagram
π∗12A
a
γ ⊗ (π
∗
24B ⊗ π
∗
4E
b)ǫ(γ)
π∗34ρ
b
γ◦ηγ⊗id
//
id⊗π∗24ν
ǫ(γ)

π∗13B ⊗ π
∗
3E
b
π∗13ν⊗id

π∗12A
a
γ ⊗ π
∗
2(E
a)ǫ(γ)
ρaγ
// π∗1E
a
.
Conerning the loal data of a (G,J )-module, we only have to speialize
the loal data of an equivariant 1-morphism to the ase in whih the seond
bundle gerbe is a trivial one equipped with its anonial (Γ, ǫ)-equivariant
struture, see Setion 4.1. Thus, let c = (Bi, Aij , gijk) be loal data of
the bundle gerbe G with respet to some invariant open over O, and let
bγ = (Π
γ
i , χ
γ
ij) and aγ1,γ2 = (f
γ1,γ2
i ) be loal data of the (Γ, ǫ)-equivariant
struture. Evidently, the trivial bundle gerbe Iω has loal data c
′ = (ω, 0, 1),
and its anonial equivariant struture Jω has loal data b
′
γ = (0, 1) and
a′γ1,γ2 = (1). A (G,J )-module of rank n, i.e. an equivariant 1-morphism
(E , ργ) : (G,J ) // (Iω,Jω),
has loal data β = (Λi, Gij) and ηγ = (H
γ
i ) satisfying equations (48), (49),
(50) and (52). Expliitly, we have 1-forms Λi ∈ Ω
1(Oi, u(n)), and smooth
funtions Gij : Oij // U(n) and H
γ
i : Oi
// U(n). The equations are
ω = Bi +
1
n
tr(dΛi) , Λj = G
−1
ij ΛiGij −Aij + iG
−1
ij dGij
and Gij ·Gjk = gijk ·Gik.
These are just the relations for an ordinary G-module, see equations (2.3) in
[10℄. Equivariane is expressed by the relations
γΛi = (H
γ
i )
−1ΛiH
γ
i + i(H
γ
i )
−1dHγi −Π
γ
i ,
γGij = (H
γ
i )
−1 ·Gij ·H
γ
j · (χ
γ
ij)
−1
,(71)
Hγ1γ2i = H
γ1
i · γ1H
γ2
i · (f
γ1,γ2
i )
−1
,
where we have used the onventions (40) and (51).
If a (G,J )-module (E , ργ) and a (G
′,J ′)-module (E ′, ρ′γ) are equivalent in
the sense of Denition 5.3, and (c, bγ , aγ1,γ2) and (c
′, b′γ , a
′
γ1,γ2
) are loal data
of the two gerbes, there exist loal data (Ri, uij) and (h
γ
i ) of the equivariant
1-isomorphism (B, ηγ) satisfying equations (61). There are also funtions Ui :
Oi // U(n) oming from the equivariant 2-morphism ν. If β = (Λi, Gij)
42 BUNDLE GERBES FOR ORIENTIFOLD SIGMA MODELS
and ργ = (H
γ
i ) are loal data of (E , ργ), and, similarly, β
′
and ρ′γ are those
of (E ′, ρ′γ), equations (53) and (54) take the form
Λ′i = U
−1
i ΛiUi + iU
−1
i dUi −Ri , G
′
ij = U
−1
i ·Gij · Uj · u
−1
ij
and H ′γi = U
−1
i ·H
γ
i · γUi · (h
γ
i )
−1
.
A partiular situation that we shall disuss expliitly is the orientifold
group (Z2, id), and a bundle gerbe G with (normalized) Jandl struture
J = (Ak, ϕk,k). In this situation, we all a (G,J )-module a Jandl mod-
ule. Given suh a (normalized) Jandl module (E , ρk), E : G // Iω is a
bundle-gerbe module whose urvature satises k∗ω = −ω, and there is a
single 2-isomorphism
ρk : k
∗E† ◦ Ak +3 E
suh that the diagram
(72)
E ◦ k∗A†k ◦ Ak
id◦ϕk,k
+3
k∗ρ
†
k
◦id

E ◦ idG
λE

k∗E† ◦ Ak ρk
+3 E
of 2-isomorphisms is ommutative. Still more speially, we assume that
there is a trivialization T : G // Iρ. As disussed in Setion 2.3, the triv-
ialization and the Jandl struture indue a k-equivariant line bundle (R,φ)
over M of urvature −(k∗ρ+ ρ). This was obtained by applying the funtor
Bun of (28) to the 1-isomorphism
R = k∗T † ◦ Ak ◦ T
−1 : Iρ // I−k∗ρ.
In the same way, we form the 1-morphism E ◦ T −1 : Iρ // Iω, and get a
vetor bundle E := Bun(E ◦ T −1). We have, further, a 2-isomorphism
k∗(E ◦ T −1)† ◦ R k∗E† ◦ k∗T †−1 ◦ k∗T † ◦ Ak ◦ T
−1
id◦il◦id

k∗E† ◦ idk∗G∗ ◦ Ak ◦ T
−1
id◦ρAk◦id

k∗E† ◦ Ak ◦ T
−1
ρk◦id
+3 E ◦ T −1
that indues, via Bun, an isomorphism
(73) ϑ : R⊗ k∗E∗ // E
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of vetor bundles over M . Finally, diagram (72) implies that this morphism
is ompatible with the equivariant struture φ on R in the sense that the
diagram
R⊗ k∗R∗ ⊗ E
φ⊗id
!!C
CC
CC
CC
CC
CC
id⊗k∗ϑ∗
// R⊗ k∗E∗
ϑ
  




E
of morphisms of vetor bundles over M is ommutative. Summarizing, ev-
ery Jandl module for a trivialized Jandl gerbe gives rise to a vetor bundle
together with an isomorphism (73).
In Setion 3, we desribed the desent theory of twisted-equivariant bundle
gerbes as a way to obtain (all) Jandl gerbes over a smooth manifold M ′. In
the same way, we have
Proposition 5.4. Let (Γ, ǫ) be an orientifold group for M with Γ0 ating
without xed points, and let (Γ′, ǫ′) be the quotient orientifold group for the
quotient M ′ := M/Γ0. Then, there is a anonial bijetion

Equivalene lasses of
equivariant modules for
(Γ, ǫ)-equivariant
bundle gerbes over M


∼=
//


Equivalene lasses of equi-
variant modules for (Γ′, ǫ′)-equi-
variant bundle gerbes over M ′

 .
Notie that the latter proposition unites (as did Theorem 3.1 before) the two
ases of Γ0 = Γ and Γ/Γ0 = Z2.
Sine a (G,J )-module is nothing but an equivariant 1-morphism between
(G,J ) and (Iω,Jω), we an apply the desent theory developed in Setion 3
and pass to an assoiated quotient 1-morphism. The only thing to notie is
that the quotients are (Iω)
′ ∼= Iω′ for the desended 2-form ω
′ ∈ Ω2(M ′), and
(Jω)
′ ∼= Jω′ . But this is lear sine all involved line bundles are the trivial
ones, and all involved isomorphisms are identities. This way, it beomes
obvious how the map in Proposition 5.4 is dened and that it is surjetive.
It remains to hek that it is well-dened on equivalene lasses and injetive.
For this purpose, we have to amend the disussion of Setion 3 by providing
a desent onstrution for equivariant 2-morphisms. Suppose that we have
a (Ga,J a)-module (Ea, ρaγ) and an equivalent (G
b,J b)-module (Eb, ρbγ), i.e.
there is an equivariant 1-isomorphism (B, ηγ) : (G
a,J a) // (Gb,J b) and an
equivariant 2-isomorphism
(74) ν : (Eb, ρbγ) ◦ (B, ηγ) +3 (E
a, ρaγ).
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We have to onstrut an equivariant 2-isomorphism
(75) ν ′ : (Eb′, ρb′k ) ◦ (B
′, η′k)
+3 (Ea′, ρa′k )
whih guarantees that the quotient Jandl modules are equivalent. Notie
that the 1-morphism on the right side has the vetor bundle Ea over Y a,
and the one on the left side has a vetor bundle over the disjoint union of
Y a×M Y
b×M Y
b
γ over all γ ∈ Γ0, whih is dened omponentwise as π
∗
12B⊗
π∗23A
b
γ ⊗ π
∗
3E
b
. This follows from the denition of quotient 1-morphisms
and from Denition 2.6. Thus, the 2-morphism we have to onstrut has
omponents ν ′γ : π
∗
12B ⊗ π
∗
23A
b
γ ⊗ π
∗
3E
b // π∗1E
a
, and we dene them as
π∗12B ⊗ π
∗
23A
b
γ ⊗ π
∗
3E
b
id⊗ρbγ
// π∗12B ⊗ π
∗
2E
b ν // π∗1E
a
,
where ν omes from the given 2-morphism as in (70). It is straightforward
to hek that this, indeed, denes an equivariant 2-isomorphism.
Conversely, if an equivariant 1-isomorphism
(B′, η′k) : (G
a′,J a′) // (Gb′,J b′)
is given, every equivariant 2-isomorphism (75) immediately indues an equi-
variant 2-isomorphism (74) for (B, ηγ) the equivariant 1-isomorphism on-
struted on page 29. This shows that the map from Proposition 5.4 is inje-
tive.
6 Holonomy for unoriented Surfaes
We show that a Jandl gerbe over a smooth manifold M together with Jandl-
gerbe modules over submanifolds of M provides a well-dened notion of
holonomy for unoriented surfaes with boundary, for example for the Möbius
strip. This notion merges the holonomy for unoriented losed surfaes from
[23℄ with that of the holonomy for oriented surfaes with boundary from
[11, 5℄. In the rst subsetion, we disuss its denition in terms of geometri
strutures, and then we develop expressions in terms of loal data.
6.1 Geometrial Denition
In short, holonomy arises by pulling bak a bundle gerbe G along a smooth
map φ : Σ // M to a surfae Σ, where it beomes trivializable for dimen-
sional reasons. For any hoie of a trivialization T : φ∗G // Iρ, there is a
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number
(76) HolG(φ,Σ) := exp
(
i
∫
Σ
ρ
)
∈ U(1).
The integral requires Σ to be oriented, and its independene of the hoie of
T requires Σ to be losed.
If Σ has a boundary, the expression (76) is no longer well-dened sine
a boundary term emerges under a hange of the trivialization. We shall
assume for simpliity that the boundary has only one onneted omponent.
Compensating the boundary term then requires hoies of a G-brane [11, 5,
10℄, a submanifold Q ⊂M together with a G|Q-module E : G|Q // Iω. The
maps φ : Σ // M whih we take into aount are now supposed to satisfy
φ(∂Σ) ⊂ Q. If E is the vetor bundle Bun(φ∗E ◦ T −1) over ∂Σ onstruted
in Setion 5, the formula
(77) HolG,E(φ,Σ) := exp
(
i
∫
Σ
ρ
)
· tr (HolE(∂Σ)) ∈ C,
written in terms of the vetor bundle E of E is invariant under hanges
of the trivialization T . If the boundary is empty, it redues to (76). A
generalization to several G-branes in the ase of more than one boundary
omponent is straightforward.
If Σ is unoriented, e.g., if it is unorientable, it is important to notie that
there is a unique two-fold overing pr : Σˆ // Σ, alled the oriented double,
where Σˆ is oriented and equipped with an orientation-reversing involution
σ : Σˆ // Σˆ that permutes the sheets of Σˆ so that Σ = Σˆ/σ. To obtain
holonomy for unoriented surfaes, two hanges in the above setup have to
be made [23℄. First, the bundle gerbe G has to be equipped with a Jandl
struture, i.e. a twisted-equivariant struture with respet to an involution
k : M // M . Seond, the holonomy is taken for smooth maps φˆ : Σˆ // M
whih are equivariant in the sense that the diagram
Σˆ
φˆ
//
σ

M
k

Σˆ
φˆ
// M
is ommutative. This is just the stak-theoreti way to talk about a smooth
map Σ // M/k without requiring that the quotientM/k be a smooth man-
ifold.
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The pullbak of the Jandl gerbe (G,J ) along φˆ is a Jandl gerbe over the
surfae Σˆ, and hene trivializable. As disussed in Setion 2.3, any hoie
of a trivialization T : φˆ∗G // Iρ denes a σ-equivariant line bundle (Rˆ, ϕˆ)
over Σˆ of urvature −(σ∗ρ+ ρ), whih, in turn, desends to a line bundle R
over Σ. To dene the holonomy, we further need to hoose a fundamental
domain F of Σ in Σˆ. This is a submanifold F ⊂ Σˆ with (possibly pieewise
smooth) boundary suh that
(78) F ∩ σ(F ) ⊂ ∂F and F ∪ σ(F ) = Σˆ,
see Figure 1 for an example. In the ase of a losed surfae Σ, it is a
(a) (b) ()
Figure 1: (a) shows the Möbius strip. (b) is a
Möbius strip (in the middle layer) together with its
oriented double. The latter is an ordinary strip with
a bright and a dark side. () shows a fundamental
domain.
key observation that the involution σ restrits to an orientation-preserving
involution on the boundary ∂F , so that the quotient F¯ := ∂F/σ is a losed
oriented 1-dimensional submanifold of Σ [23℄. Then, the holonomy is dened
by
(79) HolG,J (φˆ,Σ) := exp
(
i
∫
F
ρ
)
· HolR(F¯ ).
This expression is invariant under hanges of the trivialization T and of the
fundamental domain F [23℄. In the ase when the surfae Σ is orientable,
the oriented double Σˆ has two global setions s : Σ // Σˆ intertwined by
omposition with the involution σ. The hoie F := s(Σ) with ∂F = ∅
satises HolG,J (φˆ,Σ) = HolG(φˆ ◦ s,Σ), where on the right side Σ is taken
with the orientation pulled bak by s from Σˆ.
Below, we introdue a simultaneous generalization of the formulæ (79)
and (77) appropriate for unoriented surfaes with boundary. In addition to
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the hoie of a Jandl struture on the bundle gerbe G, the following new
struture will be required.
Denition 6.1. Let G be a bundle gerbe over M and let J be a Jandl stru-
ture on G with involution k : M // M . A (G,J )-brane is a submanifold
Q ⊂M suh that k(Q) = Q, together with a (G,J )|Q-module (E , ρk).
We onsider maps φˆ : Σˆ // M that satisfy the boundary ondition
φˆ(∂Σˆ) ⊂ Q. As auxiliary data, we hoose a trivialization T : φˆ∗G // Iρ
and obtain the assoiated σ-equivariant line bundle (Rˆ, ϕˆ) over Σˆ. The pull-
bak of the Jandl module (E , ρk) along φˆ to ∂Σˆ yields a Jandl module for the
trivialized Jandl gerbe: as disussed in Setion 5, it indues a vetor bundle
E over ∂Σˆ. A further auxiliary datum is, again, a fundamental domain F
of Σ in Σˆ. In order to aount for the boundary, we need to hoose a lift
(a losed one-dimensional submanifold) ℓˆ ⊂ ∂Σˆ of ∂Σ. It is easy to see that
these lifts always exist.
Remark 6.2. If the boundary ∂Σ onsists of several omponents, one an
hoose a separate (G,J )-brane for eah omponent ℓ. It is easy to generalize
the subsequent disussion to this ase.
We now dene a one-dimensional oriented losed submanifold F¯ that gen-
eralizes the one used in the losed ase. As a set, it is dened to be
(80) F¯ := pr(∂F \ ℓˆ),
see Figure 2. This spae is equipped with the struture of an oriented
Figure 2: On the left, the Möbius strip with a
fundamental domain as in Figure 1, together with
a lift ℓˆ of the boundary ∂Σ (the thik line). On
the right, the assoiated one-dimensional oriented
submanifold F¯ of Σ.
one-dimensional pieewise smooth manifold as follows. Let U ⊂ F¯ be
a small open neighborhood. If U ∩ ∂Σ = ∅, we have U = Uˆ/σ with
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Uˆ := pr−1(U) ⊂ ∂F so that U is one-dimensional and oriented like in the
situation for a losed surfae. Otherwise, there exists a unique ontinuous
setion s : U // ∂F suh that s(U)∩ ℓˆ = ∅. This setion indues the stru-
ture of a one-dimensional and oriented manifold on U . It is easy to see that
the orientations oinide on intersetions.
Denition 6.3. Let J be a Jandl struture on a bundle gerbe G over M ,
let (Q, E , ρ) be a (G,J )-brane and let φˆ : Σˆ // M be an equivariant smooth
map with φˆ(∂Σˆ) ⊂ Q. Given a trivialization
T : φˆ∗G // Iρ,
let R¯ be the indued line bundle over Σ, and let E be the pullbak vetor
bundle over ∂Σˆ. Choose, furthermore a fundamental domain F of Σ in its
oriented double Σˆ and a lift ℓˆ of the boundary of Σ. Then, the holonomy
along φˆ is dened as
HolG,J ,E
(
φˆ,Σ
)
:= exp
(
i
∫
F
ρ
)
· HolR¯(F¯ ) · tr
(
HolE(ℓˆ)
)
.
Obviously, the holonomy formulae (79) and (77) are reprodued for an
empty boundary or an oriented Σ, respetively. In partiular, formula (76)
is reprodued for an oriented losed surfae.
Theorem 6.4. Denition 6.3 depends neither on the hoie of the trivial-
ization T nor on the hoie of the fundamental domain F nor on the hoie
of the lift ℓˆ.
We give a omplete proof of this theorem in the next setion in terms of loal
data. Before we swith to loal data, let us elaborate on those properties of
the holonomy formula that an onveniently be disussed in the geometri
setting.
For example, one an hek that the holonomy of Denition 6.3 is indepen-
dent of the hoie of the trivialization. If two trivializations T : φˆ∗G // Iρ
and T ′ : φˆ∗G // Iρ′ are present, we form the omposition
T ′ ◦ T −1 : Iρ // Iρ′ .
The funtor Bun indues a line bundle T := Bun(T ′◦T −1) over Σˆ of urvature
ρ′ − ρ. The holonomy of T aptures the dierene that arises in the rst
fator:
(81) exp
(
i
∫
F
ρ′
)
= exp
(
i
∫
F
ρ
)
· exp
(
i
∫
F
ρ′ − ρ
)
= exp
(
i
∫
F
ρ
)
·HolT (∂F ).
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Notie that Qˆ := σ∗T ⊗ T is a line bundle over Σˆ with a anonial σ-
equivariant struture given as the permutation of the two tensor fators.
From the denition of F¯ , we nd, for the holonomies of T and the desent
line bundle Q,
(82) HolT (∂F ) = HolQ(F¯ ) ·HolT (ℓˆ).
Let Rˆ and Rˆ′ be the σ-equivariant line bundles assoiated to the trivializa-
tions T and T ′, respetively. We then obtain an isomorphism
Rˆ ∼= Qˆ⊗ Rˆ′
of σ-equivariant line bundles over Σˆ, see the disussion after Denition 10 in
[26℄. For the desent line bundles, this implies an isomorphism R ∼= Q⊗R′,
so that
(83) HolQ(F¯ ) ·HolR′(F¯ ) = HolR(F¯ ).
Conerning the vetor bundles E and E′, note that we have a 2-
isomorphism
E ◦ T ′−1 ◦ T ′ ◦ T −1 ∼= E ◦ T −1
whih indues, via the funtor Bun, an isomorphism E′ ⊗ T ∼= E of vetor
bundles over ∂Σˆ. This shows that
(84) HolT (ℓˆ) · tr
(
HolE′(ℓˆ)
)
= tr
(
HolE(ℓˆ)
)
.
Formulæ (81)-(84) prove that the holonomy in Denition 6.3 does not depend
on the hoie of the trivialization.
Another result on the holonomy is
Proposition 6.5. The holonomy for the unoriented surfae Σ determines a
square root of the holonomy for the oriented double,(
HolG,J ,E
(
φˆ,Σ
))2
= HolG,E(φˆ, Σˆ).
Proof. To see this, one hooses a fundamental domain F and a lift ℓˆ for
the rst of the two fators on the left-hand side, and makes the hoies
F ′ := σ(F ) and ℓˆ′ := σ(ℓˆ) for the seond fator. The square on the left-hand
side onsists, after reordering of the fators, of
exp
(
i
∫
F
ρ
)
· exp
(
i
∫
F ′
ρ
)
(78)
= exp
(
i
∫
Σˆ
ρ
)
and HolR(F¯ ) ·HolR(F¯
′) = 1 (the latter identity follows from the fat that the
submanifolds F¯ and F¯ ′ are the same sets, but with opposite orientations),
as well as of tr(HolE(ℓˆ)) · tr(HolE(ℓˆ
′)) = tr(HolE(∂Σˆ)). Altogether, this
reprodues the holonomy formula (77) for Σˆ. 
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Finally, let us disuss what happens to the holonomy when we pass to
equivalent bakground data.
Proposition 6.6. Suppose that (B, ηk) : (G
a,J a) // (Gb,J b) is an equi-
variant 1-isomorphism between Jandl gerbes, that (Ea, ρa) and (Eb, ρb) are
Jandl modules for (Ga,J a) and (Gb,J b), respetively, and that ν : Eb ◦
B +3 Ea is a 2-isomorphism. Then,
(85) HolGa,J a,Ea(φˆ,Σ) = HolGb,J b,Eb(φˆ,Σ)
for any smooth equivariant map φˆ : Σˆ // M .
Proof. We x the hoies of the fundamental domain F and of the lift ℓˆ for
both sides of (85). To ompute the holonomy on the right-hand side, we
hoose a trivialization T b : φˆ∗Gb // Iρ. It indues a trivialization T
a :=
T b ◦ B whih we use to ompute the left-hand side. Sine T a and T b have
the same 2-form ρ, the rst fator of the holonomy formula from Denition
6.3 is the same on both sides of (85).
Assoiated to the trivialized Jandl gerbes φˆ∗(Ga,J a) and φˆ∗(Gb,J b), there
are σ-equivariant line bundles over Σˆ, as disussed in Setion 2.3. By Lemma
2.15, these line bundles are isomorphi as equivariant line bundles and hene
indue isomorphi line bundles Ra and Rb over Σ. Isomorphi line bundles
have equal holonomies, therefore also the seond fator of the holonomy
formula from Denition 6.3 oinides on both sides of (85).
Finally, we indue a 2-isomorphism
Eb ◦ (T b)−1 +3 Eb ◦ B ◦ (T b ◦ B)−1
ν◦id
+3 Ea ◦ (T a)−1
whose image under the funtor Bun yields an isomorphism Eb // Ea of
vetor bundles over ∂Σˆ. Again, these vetor bundles have equal holonomies,
so that also the third fator oinides on both sides. 
Of ourse, it follows that equivalent Jandl modules have equal holonomies.
We remark, however, that the 2-isomorphism ν in Proposition 6.6 does not
have to be equivariant. In other words, the holonomy from Denition 6.3
annot distinguish all equivalene lasses of Jandl modules.
6.2 Loal-Data Counterpart
Here, we rewrite the holonomy for unoriented surfaes (with boundary) from
Denition 6.3 in terms of loal data. Thus, let O = {Oi}i∈I be an open over
K. GAWDZKI, R. R. SUSZEK, K. WALDORF 51
of M , with k(Oi) = Oki, that permits to extrat loal data, namely the data
c = (Bi, Aij , gijk) of the bundle gerbe G, the data b = (Πi, χij) and a = (fi)
of the Jandl struture J (see Setion 4.1), and the data β = (Λi, Gij) and
φ = (Hi) of the (G,J )|Q-module (Q, E , ρ), see Setion 5. The loal data
of the bundle gerbe satisfy relations (36) - (38). For reader's onveniene,
let us reall the relations between the loal data of the Jandl struture and
those of the gerbe module, speialized to the present ase of the orientifold
group (Z2, id). Conerning the Jandl struture, these are equations (41) -
(43), namely
(86) − k∗Bki −Bi = dΠi , − k
∗Aki kj −Aij = Πj −Πi − iχ
−1
ij dχij
and k∗g−1ki kj kl · g
−1
ijl = χ
−1
ij · χil · χ
−1
jl ,
as well as equations (44) - (46), namely
(87) − k∗Πki +Πi = if
−1
i dfi , k
∗χ−1ki kj · χij = f
−1
i · fj
and k∗f−1ki · f
−1
i = 1.
Conerning the gerbe module, these are equations (71),
(88) − k∗Λki = H
−1
i · Λi ·Hi + iH
−1
i dHi −Πi ,
k∗Gki kj = H
−1
i ·Gij ·Hj · χ
−1
ij and 1 = Hi · k
∗Hki · f
−1
i .
From the open over O of M , an equivariant smooth map φˆ : Σˆ // M
indues an open over of Σˆ with open sets Vˆi := φˆ
−1(Oi). Let T be a
triangulation of Σ whih is subordinate to this over in the following sense.
The preimage of eah triangular fae t ∈ T in Σˆ is supposed to have two
onneted omponents, and we require that if tˆ is one of these omponents,
there exists an index i(tˆ) ∈ I suh that tˆ ⊂ Vˆi(tˆ). The indies may be hosen
suh that
i(σ(tˆ)) = ki(tˆ).
For the edges e and the verties v, we make similar hoies of indies.
Aording to the presription from Denition 6.3, we have to hoose a
fundamental domain. As desribed in [23℄, this an be done by seleting one
of the two omponents of the preimage of eah fae t ∈ T , to be denoted
by tˆ. For a suiently well-behaved triangulation (e.g., one with trivalent
verties),
(89) F :=
⋃
t∈T
tˆ
is a smooth submanifold with pieewise smooth boundary, as required. The
subsequent disussion does not use this assumption. Next, we have to hoose
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a trivialization T : φˆ∗G // Iρ. With respet to the over Vˆi, it has loal
data θ = (Θi, τij) with
(90) (ρ, 0, 1) = φ∗c+D1θ.
Finally, we hoose a lift ℓˆ of ∂Σ.
Equipped with these hoies of F , T and ℓˆ, we start to translate the
formula of Denition 6.3 into the language of loal data. The rst fator is
F1 := exp
(
i
∫
F
ρ
)
= exp
(
i
∑
t∈T
∫
tˆ
ρ
)
= exp
(
i
∑
t∈T
∫
tˆ
φˆ∗Bi(tˆ) + dΘi(tˆ)
)
.
Here, the orientation on tˆ is the one indued from Σˆ. Using Stokes' Theorem
and (90), we obtain
F1 =
∏
t∈T
exp
(
i
∫
tˆ
φˆ∗Bi(tˆ)
) ∏
eˆ∈∂tˆ
exp
(
i
∫
eˆ
φˆ∗Ai(tˆ)i(eˆ) +Θi(eˆ)
)
·
∏
vˆ∈∂eˆ
φˆ∗g
ǫ(vˆ,eˆ)
i(tˆ)i(eˆ)i(vˆ)
(vˆ) · τ
−ǫ(vˆ,eˆ)
i(eˆ)i(vˆ) (vˆ) · τ
ǫ(vˆ,eˆ)
i(tˆ)i(vˆ)
(vˆ).
Here, the edge eˆ has the orientation indued from the boundary of tˆ, and
ǫ(vˆ, eˆ) = ±1 is negative if, in this orientation, vˆ is the starting point of eˆ, and
positive otherwise. We make two manipulations in this formula. First, the
very last fator an be dropped sine every vertex in a xed fae tˆ appears
twie, eah time with a dierent sign of ǫ. Seond, many edges eˆ appear twie
and with dierent orientations, so that the orresponding integrals of Θi(eˆ)
anel. More preisely, the edges whih appear only one an be of two types.
If e is a ommon edge of two faes t1 and t2, we all e orientation-reversing
whenever tˆ1 and tˆ2 have no ommon edge (see Figure 3), and we denote by
E the set of orientation-reversing edges. For eah orientation-reversing edge
e ∈ E, we hoose a lift eˆ. The seond type of edges whih appear only one
are those on the boundary of Σ. We denote the set of these edges by B. Any
e ∈ B belongs to a unique fae t, and the lift tˆ determines a lift eˆ suh that
eˆ ∈ ∂tˆ. We an now write the above formula as
F1 =
∏
t∈T
exp
(
i
∫
tˆ
φˆ∗Bi(tˆ)
) ∏
eˆ∈∂tˆ
exp
(
i
∫
eˆ
φˆ∗Ai(tˆ)i(eˆ)
) ∏
vˆ∈∂eˆ
φˆ∗g
ǫ(vˆ,eˆ)
i(tˆ)i(eˆ)i(vˆ)
(vˆ)
·
∏
e∈E
exp
(
i
∫
eˆ
Θi(eˆ) + σ
∗Θki(eˆ)
) ∏
vˆ∈∂eˆ
τ
−ǫ(vˆ,eˆ)
i(eˆ)i(vˆ) (vˆ) · σ
∗τ
−ǫ(vˆ,eˆ)
ki(eˆ) ki(vˆ)(vˆ)
·
∏
e∈B
exp
(
i
∫
eˆ
Θi(eˆ)
) ∏
vˆ∈∂eˆ
τ
−ǫ(vˆ,eˆ)
i(eˆ)i(vˆ) (vˆ).
K. GAWDZKI, R. R. SUSZEK, K. WALDORF 53
t2
t1
tˆ1
tˆ2
e
eˆ
Figure 3: An orientation-reversing edge e between
two faes t1 and t2 in Σ, whih are lifted to dierent
sheets. The edge e itself is, here, lifted to the same
sheet as t1.
The seond fator F2 := HolR(F¯ ) is more ompliated beause the line
bundle R over Σ whose holonomy we need is only given abstratly as a
desended σ-equivariant line bundle (Rˆ, ϕˆ) over Σˆ. As desribed in [23℄, we
an ompute its holonomy by integrating the loal data of Rˆ along pieewise
lifts of F¯ , and then use the loal data of its equivariant struture ϕˆ at points
where the lift has a jump. Aording to the denition of Rˆ, its loal data an
be determined from the one of the trivialization T and the Jandl struture
by the formula −θ+ φˆ∗b+σ∗θ. Thus, the line bundle Rˆ has loal onnetion
1-forms
Ψi := −Θi + φˆ
∗Πi − σ
∗Θki
on Vˆi, and transition funtions
ψij := τ
−1
ij · φˆ
∗χij · σ
∗τ−1ki kj
on Vˆi ∩ Vˆj . Its equivariant struture ϕˆ has loal data fi. Mimiking the
denition (80) of F¯ , we x the subset B¯ ⊂ B onsisting of those edges e for
whih eˆ is not ontained in the lift ℓˆ of ∂Σ. Note that F¯ is simply-overed by
the lifts eˆ of edges in E ∪ B¯ we hose before. As remarked above, these lifts
typially do not path together, i.e. there exist verties v ∈ e1 ∩ e2 between
pairs of edges e1, e2 ∈ E ∪ B¯ suh that eˆ1 ∩ eˆ2 = ∅. In order to take are of
these, let us hoose, for all verties v, a lift vˆ. Then, the seond fator is
(91) F2 =
∏
e∈E∪B¯
exp
(
i
∫
eˆ
Ψi(eˆ)
) ∏
vˆ∈∂eˆ
ψ
−ǫ(eˆ,vˆ)
i(eˆ)i(vˆ)(vˆ) ·
∏
vˆ∈∂eˆ
φˆ∗f
ǫ(eˆ,vˆ)
i(vˆ) (vˆ).
Here, the sign in the exponent of the transition funtions ψij is due to our
onventions for the relation between onnetion 1-forms and transition fun-
tions of a line bundle. Notie that a vertex v ontributes to the last fator
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of (91) only if it belongs to the adjaent edges in E ∪ B¯ whose lifts do not
path together.
As for the third fator, loal data of the vetor bundle E are provided
by the expression φˆ∗β − θ. For eah edge e ∈ B, we denote by eˆ
ℓˆ
the
orresponding lift suh that eˆ
ℓˆ
⊂ ℓˆ. Then,
F3 := tr
(
HolE(ℓˆ)
)
= tr P
∏
e∈B
exp
(
i
∫
eˆ
ℓˆ
φˆ∗Λi(eˆ
ℓˆ
) −Θi(eˆ
ℓˆ
)
)
·
∏
vˆ∈∂eˆ
ℓˆ
φˆ∗G
−ǫ(vˆ,eˆ
ℓˆ
)
i(eˆ
ℓˆ
)i(vˆ)(vˆ) · τ
ǫ(vˆ,eˆ
ℓˆ
)
i(eˆ
ℓˆ
)i(vˆ)(vˆ),
where the symbol P indiates that the edges e have to be ordered aording
to the orientation on ℓˆ (whih is the one indued from ∂Σˆ). Sine we take
the trae, it does not matter at whih vertex one starts.
We may now ompute the produt F1 · F2 · F3, whih is, by onstrution,
the holonomy of Denition 6.3. We laim that all ourrenes of Θi and τij
drop out: First of all, for eah edge e ∈ E, the ontributions from F1 and
F2 are
exp
(
i
∫
eˆ
Θi(eˆ) + σ
∗Θki(eˆ)
)
· exp
(
i
∫
eˆ
−Θi(eˆ) − σ
∗Θki(eˆ)
)
·
∏
vˆ∈∂eˆ
τ
−ǫ(vˆ,eˆ)
i(eˆ)i(vˆ) (vˆ) · σ
∗τ
−ǫ(vˆ,eˆ)
ki(eˆ) ki(vˆ)(vˆ) · τ
ǫ(vˆ,eˆ)
i(eˆ)i(vˆ)(vˆ) · σ
∗τ
ǫ(vˆ,eˆ)
ki(eˆ) ki(vˆ)(vˆ),
whih is obviously equal to 1. For eah edge e ∈ B¯, we have ontributions
from all three fators, namely
exp
(
i
∫
eˆ
Θi(eˆ)
)
· exp
(
i
∫
eˆ
−Θi(eˆ) − σ
∗Θki(eˆ)
)
· exp
(
i
∫
eˆ
ℓˆ
−Θi(eˆ
ℓˆ
)
)
·
∏
vˆ∈∂eˆ
τ
−ǫ(vˆ,eˆ)
i(eˆ)i(vˆ) (vˆ) · τ
ǫ(vˆ,eˆ)
i(eˆ)i(vˆ)(vˆ) · σ
∗τ
ǫ(vˆ,eˆ)
ki(eˆ) ki(vˆ)(vˆ) ·
∏
vˆ∈∂eˆ
ℓˆ
τ
ǫ(vˆ,eˆ
ℓˆ
)
i(eˆ
ℓˆ
)i(vˆ)(vˆ).
By the denition of B¯, we have eˆ = σ(eˆ
ℓˆ
), with opposite orientations. Hene,
these ontributions also anel out. For the remaining edges e ∈ B \ B¯, we
only have ontributions from F1 and F3, namely
exp
(
i
∫
eˆ
Θi(eˆ)
) ∏
vˆ∈∂eˆ
τ
−ǫ(vˆ,eˆ)
i(eˆ)i(vˆ) (vˆ) · exp
(
i
∫
eˆ
ℓˆ
−Θi(eˆ
ℓˆ
)
) ∏
vˆ∈∂eˆ
ℓˆ
τ
ǫ(vˆ,eˆ
ℓˆ
)
i(eˆ
ℓˆ
)i(vˆ)(vˆ).
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Here, we know that eˆ = eˆ
ℓˆ
, so that these terms anel out, too. Finally, we
end up with the following loal holonomy formula:
HolG,J ,E(φˆ,Σ)
=
∏
t∈T
exp
(
i
∫
tˆ
φˆ∗Bi(tˆ)
) ∏
eˆ∈∂tˆ
exp
(
i
∫
eˆ
φˆ∗Ai(tˆ)i(eˆ)
) ∏
vˆ∈∂eˆ
φˆ∗g
ǫ(vˆ,eˆ)
i(tˆ)i(eˆ)i(vˆ)
(vˆ)
·
∏
e∈E∪B¯
exp
(
i
∫
eˆ
φˆ∗Πi(eˆ)
) ∏
vˆ∈∂eˆ
φˆ∗χ
−ǫ(vˆ,eˆ)
i(eˆ)i(vˆ)(vˆ) ·
∏
vˆ∈∂eˆ
φˆ∗f
ǫ(vˆ,eˆ)
i(vˆ) (vˆ)(92)
·
∏
e∈B
tr P exp
(
i
∫
eˆ
ℓˆ
φˆ∗Λi(eˆ
ℓˆ
)
) ∏
vˆ∈∂eˆ
ℓˆ
φˆ∗G
−ǫ(vˆ,eˆ
ℓˆ
)
i(eˆ
ℓˆ
)i(vˆ)(vˆ)
Let us briey review where the partiular terms ome from. The rst line
pairs up the loal data of the bundle gerbe with the triangulation of the
fundamental domain. The seond line takes are of the orientation-reversing
edges. It pairs up the loal data of the Jandl struture with lifts of these
edges, and ompensates inonsistent lifts. The third line pairs up the loal
data of the gerbe module with ℓˆ.
If the boundary is empty, B = ∅, then formula (92) redues exatly to
the one given in [23℄ for the holonomy of losed unoriented surfaes written
in terms of loal data. If the surfae is oriented, we an make hoies suh
that E = B¯ = ∅, so that the formula redues to the one given in [10℄ for
the holonomy of oriented surfaes with boundary. Finally, if the surfae is
oriented and losed, only the rst line survives and redues to the formula
found in [1, 9℄.
We remark that the loal data θ of the trivialization have vanished om-
pletely from the formula (92). This reets the independene of Denition
6.3 of the hoie of trivializations demonstrated in the previous setion. Sim-
ilarly, Proposition 6.6 implies that (92) is independent of the hoie of loal
data of the bundle gerbe, the Jandl struture and the equivariant gerbe
module. It is a nie exerise to hek this diretly by showing that the lo-
al holonomy formula (92) is independent of the hoies of the subordinated
indies i, the lifts eˆ and vˆ, and that it remains unaltered when passing to a
ner triangulation or to ohomologially equivalent loal data. In order to
omplete the proof of Theorem 6.4, it is then enough to show that the loal
expression (92) is independent of the hoie of the lifts tˆ of the faes of the
triangulation T and of that of the lift ℓˆ of the boundary ℓ.
Let us rst suppose that we replae a triangle tˆ by tˆ
′
diering from σ(tˆ)
by the orientation or, in short, tˆ
′
= −σ(tˆ). We write the rst line of the loal
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holonomy formula (92) as ∏
t∈T
H(tˆ)
where H(tˆ) is the ontribution of the fae t with the hoie tˆ of the lift. One
obtains after simple algebra employing relations (86):
H(tˆ′) = H(tˆ)·
∏
eˆ∈∂tˆ
I(eˆ) with I(eˆ) := exp
(
i
∫
eˆ
φˆ∗Πi(eˆ)
)
·
∏
vˆ∈∂eˆ
φˆ∗χ
−ǫ(vˆ,eˆ)
i(eˆ)i(vˆ)(vˆ).
To ompute the hanges in the seond line, let Et := ∂t ∩ (E ∪ B¯) be the
set of those edges of t that are either orientation-reversing or loated on the
boundary. We may assume that the edges eˆ hosen for them satisfy eˆ ∈ ∂tˆ.
Under the replaement of tˆ by tˆ′, the set Et hanges to the omplementary
set of edges of t and we may assume that the edges eˆ′ hosen for them satisfy
eˆ′ ∈ ∂tˆ
′
. We have using relations (87):
(93)
∏
e∈∂t\Et
I(eˆ′) =
∏
e∈∂t\Et
I(eˆ)−1 ·
∏
vˆ∈∂eˆ
φˆ∗f
−ǫ(vˆ,eˆ)
i(vˆ) (vˆ),
where eˆ denotes the edge in tˆ projeting to e ⊂ t (with the orientation
indued from tˆ) and where we have used the fat that, for e 6⊂ Et, eˆ
′
and
σ(eˆ) dier only by the orientation, i.e. eˆ′ = −σ(eˆ). Note that∏
eˆ∈∂tˆ
I(eˆ) ·
∏
e∈∂t\Et
I(eˆ)−1 =
∏
e∈Et
I(eˆ)
whih is a needed expression, a part of the original seond line. The remain-
ing fators ∏
e∈∂t\Et
∏
vˆ∈∂eˆ
φˆ∗f
−ǫ(vˆ,eˆ)
i(vˆ) (vˆ)
from (93) ompensate the remaining hanges in the seond line. Indeed,
again with eˆ ∈ ∂tˆ and vˆ′ = σ(vˆ),∏
e∈∂t\Et
·
∏
vˆ∈∂eˆ′
φˆ∗f
ǫ(vˆ,eˆ′)
i(vˆ) (vˆ) ·
∏
e∈∂t\Et
·
∏
vˆ∈∂eˆ
φˆ∗f
−ǫ(vˆ,eˆ)
i(vˆ) (vˆ)
=
∏
e∈∂t\Et
·
∏
vˆ′∈∂eˆ
φˆ∗f
ǫ(vˆ′,eˆ)
i(vˆ′)
(vˆ′) ·
∏
e∈∂t\Et
·
∏
vˆ∈∂eˆ
φˆ∗f
−ǫ(vˆ,eˆ)
i(vˆ) (vˆ)
=
∏
e∈∂t\Et
·
∏
vˆ∈∂eˆ
φˆ∗f
−ǫ(vˆ,eˆ)
i(vˆ) (vˆ)
=
∏
e∈Et
·
∏
vˆ∈∂eˆ
φˆ∗f
ǫ(vˆ,eˆ)
i(vˆ) (vˆ),
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where the last equality follows from the identity∏
eˆ∈∂tˆ
·
∏
vˆ∈∂eˆ
φˆ∗f
ǫ(vˆ,eˆ)
i(vˆ) (vˆ) = 1 .
We infer that the loal holonomy formula does not hange when tˆ is replaed
by tˆ
′
.
Next we want to analyze the eet of the hange of the lift of ℓ from ℓˆ to
ℓˆ′ = −σ(ℓˆ). Only the lines two and three of the loal holonomy formula (92)
hange in this ase. In the third line L3, we nd a hange of the form
L′3 = L3 ·
∏
e∈B
I(eˆℓ)
−1
.
Here we have used the relations (88) and the identities
tr(G) = tr(G−1) and tr
(
ei Λ
)
= tr
(
eiΛ
)
valid for G ∈ U(n) and Λ ∈ u(n). In the seond line L2 we nd
L′2 =
∏
e∈B\B¯
I(eˆ
ℓˆ
) ·
∏
vˆ∈∂eˆ
ℓˆ
φˆ∗f
ǫ(vˆ,eˆ
ℓˆ
)
i(vˆ) (vˆ)
where eˆ
ℓˆ
⊂ ℓˆ is taken with the orientation inherited from ℓˆ. Multiplying
both lines together, we obtain
L′3 · L
′
2 = L3 ·
∏
e∈B¯
I(eˆ
ℓˆ
)−1 ·
∏
e∈B\B¯
∏
vˆ∈∂eˆ
ℓˆ
φˆ∗f
ǫ(vˆ,eˆ
ℓˆ
)
i(vˆ) (vˆ) .
On the right-hand side, we may pass bak from eˆ
ℓˆ
to eˆ
ℓˆ′
= −σ(eˆ
ℓˆ
) using
(87): to obtain ∏
e∈B¯
I(eˆ
ℓˆ
)−1 =
∏
e∈B¯
I(eˆ
ℓˆ′
)
∏
vˆ∈∂eˆ
ℓˆ′
φˆ∗f
ǫ(vˆ,eˆ
ℓˆ′
)
i(vˆ) (vˆ)
and, for vˆ′ = σ(vˆ),∏
e∈B\B¯
∏
vˆ∈∂eˆ
ℓˆ
φˆ∗f
ǫ(vˆ,eˆ
ℓˆ
)
i(vˆ) (vˆ) =
∏
e∈B\B¯
∏
vˆ′∈∂eˆ
ℓˆ′
φˆ∗f
ǫ(vˆ′,eˆ
ℓˆ′
)
i(vˆ′)
(vˆ′)
=
∏
e∈B¯
∏
vˆ′∈∂eˆ
ℓˆ′
φˆ∗f
−ǫ(vˆ′,eˆ
ℓˆ′
)
i(vˆ′)
(vˆ′) ,
where the last equality follows from the obvious identity∏
e∈B
∏
vˆ′∈∂eˆ
ℓˆ′
f
ǫ(vˆ′,eˆ
ℓˆ′
)
i(vˆ′)
(vˆ′) = 1 .
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Upon performing all these transformations, we arrive at the formula:
L′3 · L
′
2 = L3 ·
∏
e∈B¯
I(eˆ
ℓˆ′
) ·
∏
vˆ∈∂eˆ
ℓˆ′
φˆ∗f
ǫ(vˆ,eˆ
ℓˆ′
)
i(vˆ) (vˆ) .
Noting that eˆ
ℓˆ′
= eˆ for e ∈ B¯, we identify the right-hand side with L3 · L2.
This ends the proof of the independene of the loal expression (92) of the
lift ℓˆ.
Thus, altogether, the loal holonomy formula (92) is independent of all the
arbitrary hoies made. Aordingly, also the geometri holonomy formula
from Denition 6.3 is manifestly assoiated only to the bundle gerbe, its
Jandl struture and its modules, and, of ourse to the equivariant map φˆ :
Σˆ→M . This proves Theorem 6.4.
7 Conlusions
We onsidered in this paper manifolds M equipped with a losed 3-form H
and an orientifold-group ation. The latter is an ation of a nite group Γ
on M suh that, for γ ∈ Γ, one has γ∗H = ǫ(γ)H for a homomorphism
ǫ : Γ→ {±1}. We introdued the notion of a (Γ, ǫ)-equivariant (or twisted-
equivariant) struture on a gerbe G over M with urvature H. This notion
extends that of a so-alled Jandl struture introdued in [23℄, to whih it
redues for Γ = {±1} and ǫ(±1) = ±1.
In the ase of Γ0 = ker(ǫ) ating on M without xed points, equivalene
lasses of (Γ, ǫ)-equivariant gerbes over M were shown to desend to equiva-
lene lasses of gerbes over M ′ = M/Γ0, with (Γ
′, ǫ′)-equivariant strutures
for Γ′ = Γ/Γ0 and ǫ
′
indued from ǫ. For Γ0 = Γ, this gives a way to on-
strut gerbes over M ′ from gerbes over M , and for Γ/Γ0 = Z2, it enables
to onstrut gerbes with Jandl struture over M ′. Working with loal data,
we showed that equivalene lasses of (Γ, ǫ)-equivariant gerbes an be iden-
tied with lasses of the 2nd hyperohomology group of a double omplex
of hains on Γ with values in the (real) Deligne omplex in degree 2. This
identiation permitted to study the obstrutions to the existene of (Γ, ǫ)-
equivariant strutures on a given gerbe G with urvature H. In the ase of
2-onneted manifolds, the unique obstrution takes values in the ohomol-
ogy group H3(Γ, U(1)ǫ), where the oeient group U(1) is taken with the
ation (γ, u)  // uǫ(γ) of Γ. If this obstrution vanishes, equivalene lasses
of (Γ, ǫ)-equivariant strutures on G are parameterized by ohomology lasses
in H2(Γ, U(1)ǫ). This agrees with the purely loal analysis of [14℄.
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In [14℄, these results were applied to the ase of gerbes Gk with urvature
H = k12π trg
−1dg∧3 over simple simply-onneted ompat Lie groups G,
for integer k. We onsidered there the orientifold groups Γ = Z2 ⋉ Z with
Z a subgroup of the enter Z(G) of G ating on G by multipliation, and
the non-trivial element of Z2 sending g ∈ G to (ζg)
−1
for ζ ∈ Z(G). In
that paper, we also omputed the lasses [u] ∈ H3(Γ, U(1)ǫ) obstruting
the existene of (Γ, ǫ)-equivariant strutures on the gerbes Gk and found the
trivializing hains v suh that u = δv whenever [u] vanishes. These data
enter an expliit onstrution of (Γ, ǫ)-equivariant strutures on the gerbes
Gk that will be desribed in [13℄ in analogy to the onstrution of [12℄ for
the orbifold group Γ = Z with trivial ǫ. Suh strutures on Gk permit to
onstrut orientifold WZW models for losed surfaes.
With appliations to the boundary eld theories in view, we disussed
above twisted-equivariant gerbe modules, and their equivalene, as well as
the desent theory for them. These results will be used to onstrut boundary
orientifold WZW models. The onstrution, extending the one of [10℄ for
the orbifold ase, is postponed to [13℄. We also plan to ompare in [13℄ our
geometri approah to WZW orientifolds to the algebrai ones of [8, 3℄.
The (Γ, ǫ)-equivariant strutures on gerbes and gerbe modules are used to
dene the ontribution of the H-ux to the Feynman amplitudes of the orien-
tifold sigma models. Suh ontributions desribe the gerbe holonomy along
surfaes in M dened by lassial elds, with ontributions from gerbe mod-
ules in the ase of surfaes with boundary. We disussed above the holonomy
for surfaes in the partiular ase of Jandl strutures in both geometri and
loal terms, extending the disussion of [23℄ to the boundary ase. In [13℄,
we shall relate the surfae holonomy to the more standard loop-holonomy of
onnetions on line and vetor bundles with (Γ, ǫ)-equivariant strutures over
spaes of losed and open urves (strings) inM . Suh strutures will be ob-
tained from twisted-equivariant gerbes and gerbe modules by transgression,
see [11℄ for the disussion of the orbifold ase. They play an important role
in the geometri quantization of orientifold sigma models where the equi-
variant setions of the bundles over the spaes of urves represent quantum
states of the theory. This is the approah that we will adopt in [13℄ for the
orientifolds of boundary WZW models.
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